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SUMMARY 
Fretting can be considered as a small amplitude cyclic relative motion. Nuclear reactors 
are designed to operate at high temperatures as it results in substantial improvements of 
thermal efficiency. The structural and in-core components of a high/very high temperature 
gas cooled reactors (HTGR/VHTRs) are exposed to this high temperature environment. In 
components such as valve stems and seats, control rod drive mechanisms, fuel handling 
mechanisms, and helium circulators, fretting wear and fretting fatigue can significantly 
reduce the operational lifetime of these components. Inconel 617 and Incoloy 800H are 
nickel-based alloys, commonly used materials in HTGR/VHTRs. These alloys possess 
excellent high temperature corrosion, strength, and oxidation resistance properties.  The 
fretting contact behaviors between these two alloys in room and high temperatures are 
investigated to obtain fundamental knowledge of fretting wear and fretting fatigue 
mechanisms. 
The purpose of this work is to understand the physical phenomena of the fretting system. 
It is desirable to model a numerical model for the fretting system and do the stress strain 
analysis at and under the contacting interface, which helped understand the mechanisms of 
fretting wear and fretting fatigue. It is also desirable to develop analytical and semi-
analytical solutions for fretting wear volume, which helped understand the relation between 
wear volume, normal load, amplitude, and material properties during the fretting motion. 
The understanding of the physical phenomena of fretting, in turn, may lead to mitigation 
methods which alleviate the fretting damage. Thus, the objective of this research is to 
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model the fretting system, identify its physical phenomena, and propose mitigation 
methods to reduce the fretting damage.  
In previous models, a predetermined constant COF is applied at the interface to simulate 
frictional contact. A tentative fretting adhesion model is built herein, where the COF is 
replaced with effect of adhesion. It builds a comprehensive adhesion model by finite 
elements (FEA) for a deformable hemisphere subject to fretting. The normal direction 
adhesion contact is based on the classic JKR model. The tangential resistance is based on 
the definition of the shear strength and the surface free energy. That is manifested into 
interfacial bilinear springs where detachment or reattachment of the two contacting 
surfaces occur when the springs "break" or "snap-back" at the interface. The tangential 
resistance effect is robust, that is, it is not influenced by the choice of meshing or the spring 
settings. 
This work provides systematic results for the stress-strain analysis, junction growth, 
fretting loop, and depression marks at the bottom body for different material pairs. The 
results are normalized, which are verified to be effective to be applied to different 
dimensions (microscopically and macroscopically). Based on the locations of largest von-
Mises stress and plastic strains, and the relation between the wear volume and the loading 
conditions, the mechanisms of fretting wear and fretting fatigue are thoroughly 
investigated. 
Also, a notable contribution of this work is derivation of the analytical solutions for 
different fretting models in the elastic regime. In the 2D cylindrical contact, the relation 
between the interference and normal load for a deformable half cylinder and a flat block is 
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derived. In the 2D and 3D wear models, the initial gross slip distance for frictional contact 
is derived for unidirectional sliding, and the wear volume during the partial slip condition 
is also derived. Based on the two derivations, the wear volume for one general cycle of 
fretting motion is derived.  
Lastly, a novel fretting adhesion model is built, where the COF is replaced with the effect 
of adhesion. For the first time, a comprehensive adhesion model is devised for contact with 
traction resistance considering both the normal and tangential direction adhesion effects. 
The normal direction adhesion contact is based on the classic JKR model. The tangential 
resistance is based on the definition of the shear strength and the surface free energy. This 
model is a substitute to the assignment of a predetermined COF. That is a giant leap in the 
FEA “frictional” contact modelling. 
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CHAPTER 1. INTRODUCTION 
1.1 Problem Motivation 
Fretting can be considered as a small amplitude cyclic relative motion [1]. The loading 
condition in fretting is an oscillatory tangential load compounded with a normal load. It 
occurs in assemblies of engineering elements with the existence of vibration, cyclic loading 
or cyclic temperature changes, as well as bearing races and shafts, electrical contacts, 
reactor elements, turbine engine disks [2-5], etc. Three different regimes of fretting are 
observed according to the types of the contact conditions: stick, mixed stick-slip, and gross 
slip [6]. The stick conditions correspond to low fretting damage. The mixed stick-slip 
conditions mainly result in fatigue crack formation, while the gross slip conditions are 
mainly responsible for wear [1]. In particular, fretting damage can significantly reduce the 
operational lifetime of components in nuclear reactors [7]. 
Nuclear reactors are designed to operate at high temperatures as it results in substantial 
improvements of thermal efficiency [8, 9]. The structural and in-core components of a 
high/very high temperature gas cooled reactors (HTGR/VHTRs) are exposed to this high 
temperature environment. In components such as valve stems and seats, control rod drive 
mechanisms, fuel handling mechanisms, and helium circulators, fretting wear and fretting 
fatigue can significantly reduce the operational lifetime of these components. 
Inconel 617 and Incoloy 800H are nickel-based alloys, commonly used materials in 
HTGR/VHTRs. These alloys possess excellent high temperature corrosion, strength, and 
oxidation resistance properties.  The fretting contact behaviors between these two alloys in 
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room and high temperatures are investigated to obtain fundamental knowledge of fretting 
wear and fretting fatigue mechanisms. Additionally, based on the fundamental knowledge 
of fretting, mitigation schemes for fretting damage are proposed. For reference, in some 
cases, steel and copper will also be considered herein. The results in this thesis work is also 
a foundation for the experimental work done by a group at Purdue University. 
1.2 Objective 
The purpose of this work is to understand the physical phenomena of the fretting system. 
It is desirable to model a numerical model for the fretting system and do the stress strain 
analysis at and under the contacting interface, which helped understand the mechanisms of 
fretting wear and fretting fatigue. It is also desirable to develop analytical and semi-
analytical solutions for fretting wear volume, which helped understand the relation between 
wear volume, normal load, amplitude, and material properties during the fretting motion. 
The understanding of the physical phenomena of fretting, in turn, may lead to mitigation 
methods which alleviate the fretting damage. Thus, the objective of this research is to 
model the fretting system, identify its physical phenomena, and propose mitigation 
methods to reduce the fretting damage.  
1.3 Methodology 
It is proposed to investigate, by analytical and finite element methods, the fretting behavior 
between identical material pairs (this is investigated in Chapter 3) and dissimilar material 
pairs (this is investigated in Chapter 4). The identical material pairs include steel on steel, 
copper on copper, and Inconel 617 on Inconel 617. The dissimilar material pairs include 
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Inconel 617 on Incoloy 800H at 20C and 800C. For brevity, the material pairs are 
designated in a compact way. For instance, steel on steel is designated as “steel/steel”.  
The hemispherical and cylindrical contacts are two classical contact models to investigate 
contact mechanics, following the original work by Hertz. In this thesis work, these two 
geometries are likewise used to investigate the fretting phenomenon. 
The finite element fretting models are built in ANSYS 17.1. Firstly, the 2D (plane-strain) 
models were built. There are two loading conditions, displacement-controlled and force-
controlled both with respect to the normal direction. As shown in Fig.1-1, the fretting 
contact is between a deformable half cylinder and a deformable flat block. As shown in 
Fig.1-1a, the displacement-controlled model’s inputs are interference, ω, and oscillatory 
tangential displacement, δ, being applied to the top surface of the half cylinder. As shown 
in Fig.1-1b, a simulated rigid plate is placed on top of the half cylinder to prevent rotation 
about the Z-axis in force-controlled model. Its inputs are normal load P, being applied to 
the top surface of the rigid plate, and oscillatory tangential displacement, δ, being applied 
to the top surface of the half cylinder. Then, the 3D spherical contact models are built. 
Similar to the 2D case, there are displacement-controlled and force-controlled models. As 
shown in Fig.1-2, the fretting contact is between a deformable hemisphere and a 
deformable flat block. To reduce the computation effort, we take advantage of the 
symmetric fretting loading about XZ plane. The model is cut in half as a quarter sphere in 
contact with a half flat block. As shown in Fig.1-2a, the displacement-controlled model’s 
inputs are interference, ω, and oscillatory tangential displacement, δ, being applied to the 
top surface of the hemisphere. As shown in Fig.1-2b, a simulated rigid plate is placed on 
top of the half cylinder to prevent rotation about the Z-axis in force-controlled model. Its 
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inputs are normal load P, being applied to the top surface of the rigid plate, and oscillatory 
tangential displacement, δ, being applied to the top surface of the hemisphere. Different 
coefficient of frictions (COFs) are applied to the interface to simulate the frictional contact. 
The evolutions of von-Mises stresses, plastic strains, junction growth, friction force, wear 
volume will be investigated. A scheme of results normalization is proposed for different 
material pairs.    
 
(a) Displacement-controlled condition               (b) Force-controlled condition 
Figure 1-1. Schematic of 2D plane-strain cylindrical contact model 
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(a) Displacement-controlled condition               (b) Force-controlled condition 
Figure 1-2. Schematic of 3D spherical contact model 
The fretting wear model is based on the force-controlled models, Fig.1-1b and Fig.1-2b 
(this is investigated in Chapter 5). The Archard wear model [10] are applied to the interface. 
The wear volume for a general cycle of fretting under elastic contact is derived in 2D case 
by semi-analytical solutions and it is derived in 3D case by analytical solutions.  
To mitigate the damage during fretting, two main properties are focused on: plastic strain 
and wear volume (this is investigated in Chapter 6). The plastic strain represents the plastic 
deformation in the bulk material, which will decrease the life of the component. The wear 
volume represents permanent material removal at the interface, which will also decrease 
the life of the component. A designed pre-stress scheme is shown to reduce the plastic 
strain, while the analytical solutions derived in the fretting wear model helps determine 
loading condition which avoids maximizing fretting wear volume. 
In the previous models, predetermined constant COF are applied at the interface to simulate 
frictional contact. By keeping the COF constant, the influence of COF on stress-strain 
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distribution, junction growth, depression marks, and fretting loops can be isolated and 
investigated for various levels of COF cases. However, the FEA models herein are not 
restricted to just constant COFs, as they are capable of handling non-constant COF just as 
well. 
A tentative fretting adhesion model is built herein, where the COF is replaced with effect 
of adhesion (this is investigated in Chapter 7). It builds a comprehensive adhesion model 
by finite elements (FEA) for a deformable hemisphere subject to fretting. The normal 
direction adhesion contact is based on the classic JKR model. The tangential resistance is 
based on the definition of the shear strength and the surface free energy. That is manifested 
into interfacial bilinear springs where detachment or reattachment of the two contacting 
surfaces occur when the springs "break" or "snap-back" at the interface. The tangential 
resistance effect is robust, that is, it is not influenced by the choice of meshing or the spring 
settings. 
1.4 Significant Contributions 
This work provides systematic results for the stress-strain analysis, junction growth, 
fretting loop, and depression marks at the bottom body for different material pairs. The 
results are normalized, which are verified to be effective to be applied to different 
dimensions (microscopically and macroscopically). However, the results are only 
applicable for contacts that are above the range of roughness. Based on the locations of 
largest von-Mises stress and plastic strains, and the relation between the wear volume and 
the loading conditions, the mechanisms of fretting wear and fretting fatigue are thoroughly 
investigated. 
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Also, a notable contribution of this work is derivation of the analytical solutions for 
different fretting models in the elastic regime. In the 2D cylindrical contact, the relation 
between the interference and normal load for a deformable half cylinder and a flat block is 
derived. In the 2D and 3D wear models, the initial gross slip distance for frictional contact 
is derived for unidirectional sliding, and the wear volume during the partial slip condition 
is also derived. Based on the two derivations, the wear volume for one general cycle of 
fretting motion is derived.  
Lastly, a novel fretting adhesion model is built, where the COF is replaced with the effect 
of adhesion. For the first time, a comprehensive adhesion model is devised for contact with 
traction resistance considering both the normal and tangential direction adhesion effects. 
The normal direction adhesion contact is based on the classic JKR model. The tangential 
resistance is based on the definition of the shear strength and the surface free energy. This 
model is a substitute to the assignment of a predetermined COF. That is a giant leap in the 
FEA “frictional” contact modelling. 
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CHAPTER 2. LITERATURE REVIEW 
2.1 Sliding Contact 
Frictional sliding contact analysis lays the foundation of fretting. The theoretical frictional 
sliding contact analysis is addressed by Johnson [11]. He provides elastic solutions of 
contact pressure, tangential force and deformation on the contacting surfaces, addressing 
both cylindrical and spherical contacts in situations of partial and gross slip. Additionally, 
Cattaneo [12] and Mindlin [13] address the stress distribution of the surface and subsurface 
for spherical partial slip. The complete stress field of spherical sliding contacts is further 
developed by Goodman and Hamilton [14]. The cylindrical plane strain contact is 
investigated by Adams [15], considering stick, partial slip and sliding. The analytical 
solution for the local slip distance under a Hertzian pressure with a constant coefficient of 
friction is recorded for 3D spherical contact by Popov and Heß [16] . However, the solution 
for the cylindrical line contact for fretting is not available.  
The experiments conducted by Courtney-Pratt and Eisner[17] may be of the earliest studies 
related to the reciprocal frictional sliding phenomenon. They examine the underlying phase 
of the oscillatory tangential loading applied at the contact between a metallic sphere and 
metallic flat surfaces. The hysteresis loops of tangential force and the junction growth are 
indicated by the difference in the electrical conductance. Junction growth is also found by 
Parker and Hatch [18], and by Tabor [19].  
The elastic-plastic and fully plastic spherical contacts in strictly normal loading have been 
studied in great details, using the finite element analysis (FEA) method [20-22].The elastic-
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plastic cylindrical contact in plane stress is recently done by Sharma [23]. However, when 
the tangential force is introduced under normal load, only a few attempts to analyze the 
contact have been made. Brizmer et al. [24] use FEA to investigate the spherical contact 
under the fully stick condition with tangential load. Junction growth is reported. Chang and 
Zhang [25] model their contact without fully stick conditions and apply static frictional 
coefficient. Similar results of junction growth are found in the elastic-plastic regime. In the 
model by Holmberg et al. [26], of a rigid sphere pressed against elastic-plastic flat surfaces, 
ploughing and pileups are apparent in the results. The work by Boucly et al. [27] presents 
a semi-analytical method for the tridimensional elastic-plastic sliding contact between two 
interfering hemispherical asperities using either a load-driven or a displacement-driven 
algorithms. Pile-up induced by the permanent deformation of the bodies due to their 
relative motion is evident. A similar pile-up phenomenon is also present in the current 
work. 
2.2 Fretting 
The very first research work about fretting, to the best of the author’s knowledge, is done 
by Tomlinson et al. [28],where the terminology “fretting corrosion” is coined. After that  
Vingsbo and Söderberg [6] found the fretting map, which sort fretting into stick, mixed 
stick-slip, and gross slip regimes. Under a certain normal load, the contact status goes from 
stick, to partial slip, and gross slip with the increase of the tangential displacement. A mixed 
fretting regime is then found by Zhou and Vincent [29, 30]. It can be identified from the 
fretting loop evolution, which varies its shape during thousands of fretting cyclic loadings. 
Varenberg et al. [1] define a slip index to determine the different fretting regimes.  
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Fretting wear and fretting fatigue have been the two main fretting damages. Fretting wear 
is the main cause of component failure in gross slip regime, which has been investigated 
by Waterhouse [31], McColl et al.[32], Fouvry [33], and Blanchard et al.[34]. Fretting 
fatigue is the main case of component failure in partial slip regime, which has been studied 
by Waterhouse [35], Hills [36], and Szolwinski. [37]. Fouvry, Kapsa, and Vincent deliver 
the quantification criteria for different regime of fretting wear and fretting fatigue [38]. 
Neu et al. [39] build nucleation models to predict fretting fatigue. Later, fretting damage 
(wear and fatigue) is investigated by increasing the number of loading cycles to the order 
of thousands or even millions [40-44]. Coatings and lubricant conditions are found to 
mitigate fretting damage in these works. References [45-47] focus on the fretting damage 
for materials applied in the steam generator, including Inconel 600, Inconel 690 and 
Incoloy 800.  
Gordelier and Chivers suggest a method of categorizing fretting by the loading conditions 
[48], i.e., displacement-controlled or force-controlled fretting. While practical situations 
may be a combination of these two loading conditions. The outcomes of these two 
conditions are different in wear tests according to Mohrbacher et.al [49]. Displacement-
controlled fretting in normal direction is applicable to conditions when the contacting 
elements are confined within prescribed spaces, such as prosthetic knee joints [50-52], 
bolted joints, interference (press) fits [53, 54], and cutting tools in machining [55].Force-
controlled fretting in normal direction is more prevalent, which occurs in bolting [56], 
electrical connectors [57], and steam generators[58].  
The numerical work on fretting developed with the development of the finite element 
analysis. Parallel cylindrical fretting contact are reported in [59, 60]. Specifically, the 
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Gupta et al. model [59] consists of a meager 285 elements which is limited by the 
computational memory typically available in 1993. Ghosh et al. [60] simulate fretting wear 
of Hertzian line contact in partial slip. However, by applying the same level of mesh density 
as in the previous two models (FEA repeated herein), the theoretical predictions in Green’s 
work [61] could not be met. With current computing capabilities, the accuracy of these 
results can be improved considerably and that is one of the aims of this work. Mei et al. [7] 
investigate the cylindrical fretting wear via FEA for Inconel 690 Alloy, which is a material 
used for steam generator in nuclear power plants. However, the stress field distribution, the 
effects of the COF, normal load and plastic deformation are not considered.  
The 3D fretting contacts are studied in [62, 63]. Both works model the contact between a 
rigid flat and a deformable hemisphere. Zolotarevskiy et al. [62]  focus on the full stick 
and force-controlled conditions. The evolution of the tangential load and the shake down 
phenomenon are reported. Shi et al. [63] focus on the partial slip condition with both force-
controlled and displacement-controlled loadings. Junction growth and shake down are 
investigated. However, sliding and gross slip conditions, or depression marks on the flat 
are excluded from these two analyses. 
2.3 Adhesion in Tribological Contacts 
Friction is a complex phenomenon that is influenced by various effects such as 
contamination, elastic and plastic deformations, roughness, and adhesion, among others 
[64]. The first work that relates adhesion to friction can possibly be traced back to 
Desaguliers in 18th century [65]. An adhesion model is developed by Bowden and Tabor, 
who propose the “plastic junction” concept, which means that adhesion can exhibit 
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tangential resistance by forming a plastic junction at interface [66]. The study in the current 
work focuses on the modelling of such a tangential resistance by employing interfacial 
bilinear springs to represent the adhesion effect between metallic contacts, while all that is 
under fretting conditions. Adhesion is the only physical bond between the surfaces, where 
an arbitrary “coefficient of friction” is never imposed in the model. 
The study of metal-to-metal adhesion can be traced back to 1963 to the work by Keller[67]. 
When two metallic surfaces are brought to be close enough, the atomic level attractive 
force can increase significantly, which encapsulates the adhesion effect. Metallic adhesion 
can influence the process of friction [68], wear[69], and fatigue[70] when the contact is 
considered microscopic.  
Johnson, Kendall, and Robert add the adhesion effect to the Hertzian contact solution in 
the normal direction in their venerable JKR model [71]. It is based on the balance between 
the stored elastic energy and the loss of surface energy. The limitation of that model is that 
adhesion is assumed active only inside the area of contact. An alternative adhesion model, 
the DMT model, was later developed by Derjaguin, Muller, and Toporov [72]. The DMT 
model includes the adhesion effect both inside and outside of the area of contact. However, 
the JKR and DMT models are at odds with each other. Tabor [73], and later Maugis [74] 
solve this contradiction by showing that JKR model applies for large and compliant 
contacting bodies while DMT model applies for stiff contacting bodies. They develop, 
respectively, the Tabor or Maugis parameters to determine whether a contact is more 
suitable for the JKR or the DMT model. Later, a numerical model based on these two 
classic adhesion models is incorporated in a finite element analysis (FEA) software to study 
the loading and unloading behavior of the adhesion in normal contact[75]. Du et al. include 
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plasticity in the loading-unloading adhesion model[76]. However, in all of the above 
studies, adhesion is considered only in the normal direction. In other words, the models do 
not consider a tangential direction strength.  
Adhesion has been observed experimentally to be related to friction [77]. According to 
Bowden and Tabor[66], the friction force is proposed to be directly proportional to the 
contact area and the shear strength of the material. In order to understand the mechanism 
of contact behavior in the microscopic level, the atomic force microscopic (AFM) was 
developed in 1986 by Binning et al [78]. Since then, the AFM has regularly been used to 
test the relationship between the friction force and the contact area microscopically [79-
81]. The contact areas based on the JKR, DMT, or the Maugis models are found to be 
proportional to the friction force obtained in the AFM experiment. However, theoretical 
and numerical works of combing sliding friction and adhesion are scarce.  
Theoretical and numerical works that do consider friction as an effect of adhesion are those 
by Johnson [65] and Popov et al [82]. The theoretical model built by Johnson [65] is based 
on fracture mechanics, which is complicated to be implemented in numerical simulations. 
Only some preliminary elastic results are generated in that work. The model built by Popov 
et al [82] is based on the method of dimensionality reduction. It studies the contact between 
a rigid sphere and an elastic flat surface. Linear elastic springs are used to generate 
tangential resistance effect caused by adhesion. They use the surface energy and shear 
modulus to define the elastic spring stiffness and maximum elongation of the springs. But 
the tangential resistance can only be generated for rotational motion since the model is 
axisymmetric. Moreover, if the model is extended to three dimensions, an issue arises 
where the results change with the size of the mesh at the interface.  
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CHAPTER 3. FRETTING BETWEEN IDENTICAL MATERIAL 
PAIRS 
In this chapter, the fretting analyses for plane strain cylindrical and spherical contacts with 
no wear or adhesion effects are presented between identical material pairs. Two different 
loading condition models are built. One is displacement-controlled in both vertical and 
horizontal directions.  The other one is force-controlled in vertical direction and 
displacement-controlled in horizontal direction, which is called as “force-controlled 
model” later for brevity. The models built in this chapter are capable of executing analyses 
in both elastic and elastic plastic regimes. The distribution of von-Mises stress, plastic 
strain, junction growth, depression mark on the block, and work done to the system are 
discussed. The models and results presented in this chapter are published in Ref. [83] for 
the 2D case, and Ref. [84] for the 3D case.  
3.1 Cylindrical Plane Strain Fretting Contact 
The cylindrical plane strain fretting model is built in the 2D condition. The model is first 
verified in elastic normal contact condition by theoretical equations and then verified in 
elastic-plastic fretting contact condition by mesh convergence. The material pair is 
steel/steel. The stress-strain analysis, mechanism of junction growth, the fretting loop, and 
the depression mark on the block are discussed.   
3.1.1 The Cylindrical Contact Model   
The 2D displacement-controlled model is shown in Figure 3-1a, which is a half cylinder of 
a radius R=0.5m rubbing against a 4RxR block. Both half cylinder and the block are 
deformable. In the figure, the axes of X and Y are shown where the origin is located at the 
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contact point. It is noted that referring motion to the “right” or “left” indicate motion in the 
positive or negative X axis, respectively. 
As shown in Fig.3-1b, the cylinder radius is R; block dimensions are given in terms of that 
radius, and this is maintained throughout this work. The fretting model is now introduced. 
First, a vertical displacement, ω, on the top of the half cylinder is applied. That is referred 
to as the interference. While keeping the interference constant, horizontal oscillations, δ, 
are then applied to simulate the fretting motion. That is, the top of the half cylinder is forced 
to displace a certain distance to the right and then back to the left passing the origin 
position, continuing the same distance to the left, before returning back to the origin – that 
constitutes one cycle of loading. The procedure is performed quasi-statically, taking 40 
load steps to complete one cycle. 
 
 
       (a) Displacement-controlled inputs, and reaction output            (b) Cylinder-block dimensions and displacement directions  
Figure 3-1. Schematic of a half-cylinder in contact with a flat block, along with the 
loading definitions for displacement-controlled loading condition. 
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The 2D force-controlled model is shown in Fig.3-2. The difference between the 
displacement-controlled model and the force-controlled model is that the input in the Y 
direction is interference, ω, in the displacement-controlled model, while it is normal load, 
P, in the force-controlled model. To enforce a uniform downward displacement at the top 
surface of the half-cylinder, a simulated rigid plate with sufficient large elastic modulus 
(2×1010 GPa) is positioned on the top.  The interface between the rigid plate and the half 
cylinder is made frictionless, as the rigid plate role is to prevent rotation of the half-cylinder 
at its upper boundary. The input of the oscillation in the X direction is the same as that in 
the displacement-controlled model. 
 
Figure 3-2. Schematic of a half-cylinder in contact with a flat block, along with the 
loading definitions for force-controlled loading condition. 
The materials of the half cylinder and block are set to identical material pair: steel/steel[61]. 
The material properties are summarized in Table 3-1. The parameter C(ν) represents the 
ratio between the maximum pressure and the maximum von Mises stress in normal elastic 
contact in 2D plane-strain case as given by Green [61]. The elastic-perfectly plastic 
behavior is used in the FEA.  
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Table 3-1. Material properties for cylindrical fretting model 
Material 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
C(ν) 
C ∙ Sy 
[MPa] 
Steel 200.0 912 0.32 1.818 1657 
In an elastic contact regime, the solution of the 2D plane strain cylindrical contact is given 
by the Hertzian contact model. Under a total load per unit length, P/L, the maximum 
pressure, 𝑝0, is located at the center of the contact [11]:  
0
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where E’ is the equivalent elastic modulus is: 
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The interference of a half cylinder in contact with a block, whose depth is d=R, is derived 
in Appendix A, Eq. A-8:  
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At the onset of yielding 
maxe yS − = ,  for contact between identical materials, the product 
C*Sy determines the maximum contact pressure, p0, at which the material yields first. For 
cylindrical contact as given by Green [61], C(𝑣 )=1.164+2.975 𝑣 -2.906 𝑣 2, for 𝑣 >0.1938. 
Hence, at yielding onset, po is replaced by the product, 
𝑝0𝑐 = 𝐶𝑆𝑦 (3-5) 
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to provide the critical parameters. These values are used to calculate the critical half contact 
width, bc , and the critical load per unit length, Pc /L , according to [61]: 
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By subsisting Eq.3-7 into Eq.3-4, the critical interference is:  
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For the material properties listed in Table 3-1 and the depth of the block (d=R) herein, the 
critical interference, the critical load per unit length, and the critical half contact width are 
given in Table3-2. The critical values, ωc, bc, Pc/L are used to normalize the forthcoming 
room and high temperature results, respectively. 
Table 3-2. The critical values (onset of plasticity) for steel/steel plane strain case 
Cylinder 
Material 
Block 
Material 
Critical 
Interference 
ωc [µm] 
Critical 
Load per 
Unit Length 
Pc/L [MN/m] 
Critical Half 
Contact 
Width 
bc [mm] 
Steel Steel 927 38.7 14.9 
In this work, the values of the vertical interference are integer multiples of the critical one, 
namely 1*𝜔𝑐, 2*𝜔𝑐, 3*𝜔𝑐, etc. The amplitude of the horizontal displacement is always 
kept being equal to the critical interference, 1*𝜔𝑐 . In this way, the results are readily 
nondimensionalized and they can be applied to both macroscopic and microscopic 
contacts. In the displacement-controlled simulation, the vertical interference and the 
horizontal displacement, ω and δ, are the inputs, while the normal and tangential forces at 
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the contact, P and Q, are outputs. In the force-controlled simulation, the normal force and 
the horizontal displacement, P and δ, are the inputs, while the interference and tangential 
forces at the contact, ω and Q, are outputs. 
3.1.2 Mesh Convergence of Cylindrical Contact Model 
A 2D plain strain element (PLANE183) is used in ANSYS 17.1 to model the contact. 
Taking the displacement-controlled model of steel/steel for instance (shown in Fig. 3-3), 
the total mesh consists of 66383 elements, where the mesh in contact area is refined with 
the element length size of 8*10-5R. One hundred contact elements are defined on each side 
of contact. Stiff springs are attached to these elements and activated once penetration is 
incipient. This is intrinsically handled by the ANSYS contact and target elements, 
CONTA172 and TARGE169, respectively. For different material pairs, the critical contact 
widths are different, which generate different total number of mesh elements. However, 
one hundred contact elements are maintained for each model, when the normal load reaches 
Pc/L. 
 
Figure 3-3. Finite element model in ANSYS 17.1 for plane strain steel/steel case. 
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To validate the model, mesh convergence is first performed for the elastic contact 
(interference ranges from 0.2*ωc to 1*ωc), and the results are compared with those from 
Hertz contact solution. For the comparison ω /ωc is the input, ωc is calculated by Eq.3-8, 
and thus ω is imposed in the FEA. The theoretical load per length, P/L, is solved from Eq. 
3-4, while in the FEA simulation P/L is a reaction output. From the entire interference 
range examined in Table 3-3, for d/R=1, the load per unit length differs by a maximum of 
0.47%, the contact width by 2.17%, the maximum contact pressure by 1.57%, and the 
maximum von-Mises stress by 1.09%. Additional comparisons are also given in the 
Appendix A for different block sizes at the critical interference. With such outstanding 
agreement between theoretical and FEA results, the model and mesh converge have been 
established in the elastic regime. 
In addition, as there is no closed-form solution for elastic-plastic contacts under the 
combined load of normal and tangential loads. For such cases, the elements of the mesh 
are iteratively refined by a factor of two until there is less than one percent difference in 
the contact width between iterations. Additionally, the region in contact is always confined 
within the refined mesh. 
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Table 3-3. Comparison of selected values between theoretical predictions and FEA 
results for a half-cylinder of radius, R, in elastic contact with a 4RxR block (ω 
ranges from 0.2*ωc to 1* ωc). 
Input  Theoretical Predictions FEA Results 
ω /ωc ω [mm] b [mm] P/L 
[MN/m] 
p0  
[GPa] σemax[GPa] b  [mm] % dif 
P/L 
[MN/m] %dif 
p0  
[GPa] %dif σemax[GPa] %dif 
0.2 0.1854 6.03 6.36 0.672 0.3693 6.04 -0.41 6.33 -0.43 0.661 -1.57 0.3675 -0.50 
0.6 0.5562 11.15 21.75 1.242 0.6830 11.20 0.48 21.65 -0.47 1.231 -0.86 0.6904 1.09 
1 0.9266 14.88 38.73 1.657 0.9115 15.20 2.17 38.56 -0.43 1.645 -0.75 0.9122 0.08 
 
The mesh convergence procedure for other material pairs under displacement-controlled 
loading condition is the same as the one shown above. However, the mesh convergence for 
the force-controlled model is somewhat different. The input is normal load per unit length, 
P/L. Based on P/L, the interference, ω, can be obtained from Eq. 3-4. The remaining portion 
of the model is the same as that in displacement-controlled model. For all the cases in this 
work, the difference between the theoretical value and FEA value is below 3% for normal 
elastic condition, and the elements of the mesh are iteratively refined by a factor of two 
until there is less than one percent difference in the contact width between iterations. 
3.1.3 Loading Steps in Cylindrical Contact Model 
The results for the displacement-controlled and the force-controlled models have similar 
trends. For brevity in this chapter, all results are for the displacement-controlled model 
unless otherwise noted. The following results are reported for specific boundary conditions 
applied on the block (shown in Fig.3-1a): The base of the block, a1, is fixed in both the X 
and Y directions, and the other three sides of the block (a2, s1, and s2) are free. The effects 
      
 22 
of other boundary conditions are discussed in Appendix B. The results of the finite element 
model are presented using the normalized vertical interference, 𝜔∗ =
𝜔
𝜔𝑐
 , ranging from 0.7 
(initially inducing a purely elastic regime) to 3 (initially inducing an elastic-plastic regime 
[85] , where the plasticity reaches the surface). Four different frictional coefficients are 
imposed at the contact interface, 0.1, 0.3, 0.45, and 1. In order to describe the oscillatory 
horizontal displacement, load steps are used. As shown in Fig.3-4, Step 0 represents the 
start of horizontal load just after the vertical interference is applied. Each step increment 
represents a sliding distance of 0.1∗ 𝜔𝑐. It takes 40 steps to complete one cycle of loading. 
Due to the computational burden (20 hours for a single simulation on a 3GHz Intel Xeon 
PC Workstation), the maximum number of horizontal displacement cycles investigated in 
this work is set to six. 
 
Figure 3-4. Loading steps of six cycles oscillatory horizontal for plane strain case. 
The following convention of notation is used to signify the location and the cycle number. 
Points (A,B,C,D) signify, respectively, δ= (0,1,0,-1)ωc, and n=1,2,…,6 specifies the cycle 
number. For example, A4 represents the inception of the fourth cycle, where δ=0* ωc. 
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3.1.4 The Distribution of von-Mises Stresses 
Figure 3-5 shows the progression of von-Mises stress at 1*𝜔𝑐  interference with µ=1 
applied at the contact interface for steel/steel. The color coding in each picture is 
maintained to the same scale. The highest intensity red color indicates the maximum von-
Mises stress. The next two parameters are used to identify the horizontal load step. The 
first parameter represents the horizontal displacement, and the second parameter indicates 
at which branch of the cycle the displacement is approached.  For example, Fig.3-5a 
through Fig.3-5g represent the horizontal displacement of the cylinder, δ= (0, 0.1, 0.3, 0.5, 
0.6, 0.7, 1)* 𝜔𝑐, respectively, in branch A1-B1 (defined in Fig.3-4). Since the von-Mises 
stress distributions in the cylinder and the block appear as mirror images, only the 
progressions of the von-Mises stresses on the cylinder are discussed in the following. 
At the very beginning, before horizontal displacement commences, the distribution of the 
von-Mises stress (shown in Fig.3-5a) solely represents a normal contact. The area with 
large von-Mises stresses is located under the surface for ν > 0.1938, in agreement with 
Green [61]. In this case, Fig.3-5a, there is one point in each body reaching the yield 
strength. Then the cylinder is forced to slide to the right (i.e., in the positive X direction). 
Depending on the value of the COF, the status of the contact region is gross sliding when 
μ=0.1 and 0.3, partial stick and partial slip when μ=0.45, or fully stick when μ=1, as 
indicated by ANSYS. The region of large von-Mises stresses under the contacting surface 
is skewed to the left (Fig.3-5b) due to the introduction of a tangential force acting in the 
direction opposite to the relative horizontal displacement. Then another two regions of 
large von-Mises stresses appear at the two edges of the contact (Fig.3-5c). Afterwards, the 
left plastic region merges with the one under surface (Fig.3-5d) and then the two combined 
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merge with the right one (Fig.3-5e). As the cylinder moves further to the right, the region 
is stretched in the x-direction (Fig.3-5f) until it reaches the amplitude of the displacement, 
1 ∗ 𝜔𝑐 , (Fig.3-5g). It is apparent that large von-Mises stresses appear at the edge of the 
contact. Then the displacement is forced back to the left (i.e., in the negative X direction) 
and shakedown occurs (Fig.3-5h). In other words, the von-Mises stress decreases suddenly 
because of the change in the direction of the tangential force. As it displaces further to the 
left, the von-Mises stress keeps decreasing, and the region of large von-Mises stresses starts 
to show up again at the two edges of the contact area (Fig.3-5i-Fig.3-5j). The area with 
large von-Mises stresses keeps growing and being stretched (Fig.3-5k-Fig.3-5l) until it 
reaches −1 ∗ 𝜔𝑐 , where it has a mirror image shape similar to that of the case at 1 ∗ 𝜔𝑐 
(Fig.3-5g). Another shakedown takes place as the displacement is forced to the right (Fig.3-
5m). Finally, the cylinder moves back to 0 ∗ 𝜔𝑐 and that completes one cycle of loading 
(Fig.3-5n). The large von-Mises stress appears at the two edges of the contact again. The 
simulation continues for another five cycles. As shown in (Fig.3-5o), the large von-Mises 
stress stays there after six cycles of load. The development of the von-Mises stresses is also 
investigated for other interference cases of 0.7 ∗ 𝜔𝑐 , 2 ∗ 𝜔𝑐 , and 3 ∗ 𝜔𝑐 , but the trends 
remain the same as for the case of 1 ∗ 𝜔𝑐 (of course, having larger plastic regions as the 
interference increases). For brevity, these results are not reported. From the evolution of 
von-Mises stress above, a conclusion can be drawn that during the oscillatory tangential 
loading, the two contact edges tend to experience the largest von-Mises stress. It is, 
therefore, postulated that cracks and fatigue are most likely to initiate and propagate at the 
contact edges for frictional contact. 
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         (a)   0 ∗ 𝜔𝑐  at  A1-B1                                                (b)  0.1 ∗ 𝜔𝑐 at  A1-B1                                            (c)   0.3 ∗ 𝜔𝑐 at  A1-B1 
  
      (d)   0.5 ∗ 𝜔𝑐  at  A1-B1                                             (e)   0.6 ∗ 𝜔𝑐  at  A1-B1                                          (f)   0.7 ∗ 𝜔𝑐  at  A1-B1 
 
         (g)   1 ∗ 𝜔𝑐  at  A1-B1                                                (h)   0.9 ∗ 𝜔𝑐  at  B1-C1                                           (i)   0.5 ∗ 𝜔𝑐  at  B1-C1                                       
 
    (j)   0 ∗ 𝜔𝑐  at  B1-C1                                                   (k)   −0.2 ∗ 𝜔𝑐  at  C1-D1                                     (l)   −1 ∗ 𝜔𝑐  at  C1-D1      
 
          (m)  −0.9 ∗ 𝜔𝑐 at  D1-A2                                             (n)  0 ∗ 𝜔𝑐 at  D1-A2                                              (o)  0 ∗ 𝜔𝑐 at  D6-A7 
Figure 3-5. Evolution of von-Mises stresses at 1*ωc vertical interference during the 
first cycle (a)-(n) and the last point (o) at the end of six cycles of horizontal loading 
with µ=1 for steel/steel. 
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3.1.5 The Distribution of Plastic Strain 
When the von-Mises stresses reach the yield strength and fretting is in the elastic-plastic 
regime, there are plastic strains in the contacting bodies which are indicated by the 
equivalent plastic strain, 𝜀𝑝. Fig.3-6 shows the distribution of 𝜀𝑝 at the region of contact 
after three cycles of horizontal loading have completed, at different interferences and COFs 
for steel/steel. In all the three cases, the maximum 𝜀𝑝 is located at the two edges of contact, 
which coincides with the location of the maximum von-Mises stress. That is consistent 
with the direct correspondence between stress and strain. It can be further explained by the 
pileup (discussed further in Section 3.1.8) on the surface of the block. 
Fig.3-6a illustrates the plastic strain distribution at 0.7 ∗ 𝜔𝑐  interference with μ=1. 
Although there is no plastic strain under surface after the just normal loading (i.e., a pure 
elastic regime), the introduction of the tangential force spawns plastic strains that are 
confined near the contacting surfaces. This also gives rise to friction-induced work. When 
the interference increases to 1∗ 𝜔𝑐 (the limit of the elastic regime in normal loading), as 
shown in Fig.3-6b, the plastic strains increase because of the increase of the normal force 
caused by the larger interference. As the interference increases further to 3 ∗ 𝜔𝑐 (Fig.3-6c), 
the plastic strain distributions change. Since the region under the surface reaches plasticity 
in a much larger area (details provided by Jackson and Green [21]), the plastic strain 
spreads to a deeper and wider region under the surface. Consequently, the larger region 
absorbs the damage manifested by a deeper depression mark. As a result, the maximum 𝜀𝑝 
(located at the edges) is relatively smaller at larger interference. In other words, as the 
contact produces more permanent damage, there is less plastic strain at the edges, i.e., at 
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the location where the failure, as postulated in Section 3.1.3.1, is most likely to show up. 
Evident from the maximum values in Fig5.c (μ=1) and Fig5.d (μ=0.3), the plastic strain 
decreases with the drop of the COF, especially at the edges.  
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(a) 0.7 ∗ 𝜔𝑐 interference, μ=1,   maximum 𝜀𝑝=2.84 
 
(b) 1 ∗ 𝜔𝑐 interference, μ=1,   maximum 𝜀𝑝=1.82     
 
(c) 3 ∗ 𝜔𝑐 interference, μ=1,    maximum 𝜀𝑝=0.17     
 
          (d) 3 ∗ 𝜔𝑐 interference, μ=0.3, maximum 𝜀𝑝=0.024    
Figure 3-6. The distribution of the equivalent plastic strain after three cycles of 
horizontal load near the contacting area for steel/steel. 
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In order to understand the progression of plastic strain, the distribution of 𝜀𝑝  on the 
contacting surfaces after each horizontal loading cycle is investigated. Fig.3-7 represents 
the evolution of the 𝜀𝑝  on the surface of the half cylinder during the six cycles of horizontal 
load at 1*𝜔𝑐 interference with μ=1. The abscissa is the horizontal position on the surface 
normalized by the critical half contact width, 𝑏𝑐 (as defined and reported above). As shown 
in Fig.3-7, the plastic strain keeps increasing after each cycle of loading. Additionally, the 
maximum 𝜀𝑝 stays at the right edge of the contact (due to junction growth as discussed in 
Section 3.1.6, where the edges of contact keep moving laterally outward after each cycle). 
This phenomenon could be attributed to the decrease of the normal force required to keep 
the interference. As the oscillatory sliding motion proceeds, the tip of the cylinder keeps 
being flattened and the normal force required to maintain the same interference continues 
to decrease. Since, at the very beginning of the horizontal load, the cylinder moves to the 
right first, the right edge of the contact experiences deformation caused by the pileup (or 
the abrupt change of the curvature) on the surface of the block under a larger normal force. 
As the cylinder returns to the left, under a smaller normal force, the deformation on the left 
edge of the contact is less than that on the right. Consequently, the 𝜀𝑝 is relatively larger on 
the right edges which is located in the same direction as the initial horizontal motion of the 
cylinder. The observed directional affect is consistent with the initial direction of motion 
in the current simulation.   
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Figure 3-7. The distribution of the equivalent plastic strain on the contacting surface 
of the cylinder at 1*ωc interference with μ=1 for steel/steel. 
3.1.6 Junction Growth 
The junction growth, i.e. the increase of the contact area, is observed during the oscillatory 
horizontal motion for displacement-controlled analysis performed in this work. Fig.3-8 
shows the development of the half contact width, normalized by the critical half contact 
width, during the six cycles of horizontal displacement at 1 ∗ 𝜔𝑐 interference for frictional 
(μ=1) and frictionless contacts. When μ=1, the frictional contact area keeps increasing, 
where it tends to stabilize after sufficient cycles of load. But for frictionless contact, the 
area remains constant. The explanation is that the introduction of the friction force 
produces plasticity on the contacting surface and consequently increases the contacting 
width. However, without friction, there is no plastic region on the surface at 1 ∗ 𝜔𝑐 
interference, and no plastic strain is caused so that there is no junction growth. To study 
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the effect of the COF on the junction growth, different COFs are applied to the model at 
the same interference. Fig.3-9 shows the development of half contact width at 3 ∗ 𝜔𝑐 
interference during three cycles of load. Two conclusions are drawn from the above 
observation. First, the magnitude of the junction growth increases with the COF. The 
explanation is that the small COF introduces small tangential force, which causes less 
plastic deformation on the surface so that less junction growth is generated. Second, the 
rate of stabilization decreases as the COF increases, because the normal force keeps 
decreasing during sliding and the von-Mises stress on the surface decreases faster with 
smaller COF. Consequently, in the cases with smaller COFs, the von-Mises stress on the 
surface falls below the yield strength earlier so that the junction growth stabilizes earlier.  
The junction growth is also found even at 0.7∗ 𝜔𝑐 interference, but that is combined with 
fretting (sliding motion) under a COF of µ=1. Since there is plastic strain at the interface, 
it is reasonable to expect junction growth. And indeed, there is a 9.7% increase in the 
contact width after one cycle of horizontal loading. 
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Figure 3-8. The development of junction growth at 1*ωc interference for fictional 
and frictionless contacts during six cycles of load for steel/steel. 
 
Figure 3-9. The development of junction growth at 3*ωc interference with different 
COFs during three cycles of load for steel/steel. 
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3.1.7 The Evolution of Tangential Force per Unit Length 
As the fretting motion proceeds, the output of the tangential force per unit length, Q/L, is 
recorded. Even with μ=0, it is found that Q/L ≠ 0. Take the steel/steel case for instance, 
the absolute Q/L at 1∗ 𝜔𝑐 interference, with μ=0, ranges from 0 to 573N/m during the first 
cycle of the horizontal loading. It is noted, however, that the maximum value of Q/L = 
573N/m, by comparison to Pc/L=3.873× 107N/m, (i.e., Q/Pc=1.5x10-5), is minute. It is 
caused by numerical round-off errors, and effectively it verifies a frictionless case. In 
contrast, at 1 ∗ 𝜔𝑐  interference and with μ=1, the absolute Q/L ranges from 0 to 
1.79*107N/m during the first cycle of the horizontal loading. Fig.3-10 shows the 
development of the Q/L, normalized by critical normal load per unit length Pc/L, during 
six cycles of loading at 1∗ 𝜔𝑐 interference with μ=1. The evolution of the traction force in 
Fig.3-10 begins to stabilize after the first one quarter of the cycle. The stabilized curve is 
the typical fretting loop at the initial few cycles of loading (also reported by Walvekar 
[86]). The enclosed area represents the energy loss caused during the fretting motion. It is 
evident that the maximum tangential force increases as fretting proceeds. It is caused by 
the cumulative plastic deformation on the contacting surfaces.  
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Figure 3-10. The development of tangential force at 1*ωc interference with μ=1 
during six cycles of load for steel/steel. 
3.1.8 Depression Marks on the Block 
As the fretting motion proceeds, a depression mark is generated at the surface of the flat 
block. The depression mark can be visualized by the deformed curve of that surface. Fig.3-
11 shows the deformed curve at 1∗ 𝜔𝑐 interference with μ=1 just after the interference is 
applied. The curve is identical in shape to that of an elastic half-space with line loading, as 
given by Johnson [11], except that the displacement is infinite at the origin by Johnson 
while it is finite in the current model. When the curve near the contact is zoomed in (see 
the inset in Fig.3-11), the indentation caused by the interference becomes clearly visible.  
The depression mark grows during the oscillatory horizontal loading. Fig.3-12 depicts the 
deformed curves of the surface of the contact region at 3∗ 𝜔𝑐 interference with μ=0.1 (gross 
sliding), μ=0.45 (partial slip and partial stick), and μ=1 (fully stick) after three cycles of 
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loading. For μ=0.1, the depression is the shallowest. For μ=0.45, the depression is deeper 
and wider, but the center part of the surface is dragged somewhat upwards by the lateral 
motion. The change of the curvature at the inflection point (the position of the edge of the 
contact) is more pronounced. For μ=1, the trends mentioned above are intensified, and 
pileup shows up near the inflection point of the curve. According to the results above, the 
pileup will occur at the edges of the indentation with a sufficiently large COF, especially 
in the case of the fully stick. The abrupt change of the curvature or pileup will further 
produce the large von-Mises stress and plastic deformation at the corresponding position 
of the contact.  
 
Figure 3-11. The curve of the surface of the block after 1*ωc interference for 
steel/steel. 
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Figure 3-12. The depression marks on the surface of the block at 3*ωc interference 
after three cycles of load for steel/steel. 
 
3.1.9 Conclusion 
The 2D plane strain fretting model is a half cylinder in contact with a block. The materials 
of the two bodies are set to the same elastic-perfectly plastic steel. The fretting model is 
displacement-controlled, where it is loaded with an interference first, and then a 
reciprocating horizontal displacement is applied to the top of the half cylinder. Different 
COFs are used in the model. 
Five aspects of the fretting model are studied in this work: the progression of the von-Mises 
stress distribution, the evolution of the plastic strain, the junction growth, the development 
of tangential force, and the depression marks on the surface of the block.  During the 
oscillatory tangential loading, the two contact edges tend to experience the largest von-
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Mises stress. It is, therefore, postulated that cracks and fatigue are most likely to initiate 
and propagate at the contact edges. Likewise, the largest plastic strain shows up at the 
edges, too. These two phenomena are caused by the abrupt change of the curvature at the 
edges of the indentation on the surface. When the COF is large enough to reach the fully 
stick condition, pileup will appear at the position of the abrupt change, which will intensify 
the phenomena. The plastic deformation on the surface of the cylinder is not perfectly 
symmetric about the origin point, where it is slightly larger on the right, which is the 
direction of the initial motion. This is attributed to the decreasing normal force necessary 
to maintain a prescribed interference. Also, on the right edge, material pileup is larger under 
a larger normal reaction force relative to the left edge. Due to the plastic deformation of 
the surfaces, junction growth is found. The magnitude of the junction growth increases 
with the COFs, while the rate of the convergence of the growth decreases with the COFs. 
The behavior of the junction growth is found to agree qualitatively with the experimental 
results [17, 18] .  Also, larger COF introduces larger tangential forces, which results in 
larger von-Mises stresses. The fretting loop (i.e., the development of the tangential force 
versus fretting motion) for the initial few cycles of loading is likewise found, where the 
enclosed area indicates the energy loss. That loop is similar to that found experimentally 
by Courtney-Pratt and Eisner [17].  
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3.2 Spherical Contact Model 
The spherical fretting condition necessitates a 3D model. The model is first verified in 
elastic normal contact conditions against theoretical equations and then verified in elastic-
plastic fretting contact condition by mesh convergence. The material pair is first set to 
steel/steel. The stress-strain analysis, mechanism of junction growth, and the fretting loop 
are discussed.  Later, copper is used also to explore generalization of the results by using a 
normalization scheme. It will be discussed in Section 4.3. 
3.2.1 The Spherical Fretting Contact Model  
The displacement-controlled fretting model represents contact between an oscillating 
hemisphere and a stationary flat block (Fig.3-13). In order to take advantage of the 
symmetry of the problem, the hemisphere and the block are cut in half along the vertical 
plane. As shown in Fig.3-13a, a quarter sphere with radius R=0.5 m is in contact with a 
4R×2R×R block. The coordinate system is shown in Figs.3-13b and 3-13c. For brevity, the 
positive and negative X directions are implicitly represented by “right” and “left.” 
Roller boundary conditions of no displacement normal to the plane are applied to the 
vertically cut plane of the quarter sphere (due to the symmetry with respect to XY plane) 
and to all the five faces of the block, except to the top face (the XZ plane), which is free to 
deform in all directions. Such boundary conditions make the block behave as an elastic half 
space due to the Saint Venant principal, as discussed later. 
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(a) 3D Model and the view definition                                                   (b) Front view, displacement-controlled inputs, and reaction outputs  
                                   
(c) Side view of the model                                                                    (d) Front view, sphere-block dimensions and displacement directions 
Figure 3-13. Schematic of a ¼ sphere in contact with a flat block, along with the 
loading definitions for displacement-controlled steel/steel model. 
The 3D force-controlled model is shown in Figure 3-14. The difference between the 
displacement-controlled model and the force-controlled model is that the input in the Y 
direction is interference, ω, in the displacement-controlled model, while it is normal load, 
P, in the force-controlled model. To enforce a uniform downward displacement at the top 
surface of the half-cylinder, a simulated rigid plate with sufficient large elastic modulus 
(2×1015 GPa) is positioned on the top.  The interface between the rigid plate and the half 
cylinder is made frictionless, as the rigid plate role is to prevent rotation of the half-cylinder 
at its upper boundary. The input of the oscillation in the X direction is the same as that in 
the displacement-controlled model. 
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Figure 3-14. Schematic of a ¼ sphere in contact with a flat block for force-controlled 
steel/steel model. 
The hemisphere and the block are set to possess identical material properties, steel/steel. 
The material properties are listed in Table 3-4. The parameter C(ν) represents the ratio 
between the maximum pressure and the maximum von Mises stress in normal elastic 
contact in 3D plane-strain case as given by Green [61]. Both materials are assumed to 
possess a 1% strain hardening based on the elastic modulus. That amount of the tangential 
modulus is verified not to significantly affect the FEA results, yet it improves the 
convergence times in ANSYS. The code ABAQUS is used too on select cases just to verify 
result. Adhesion is not considered in this chapter. 
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Table 3-4. Material properties for spherical fretting model steel/steel and 
copper/copper [87]. 
Material 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
C(ν) 
C ∙ Sy 
[MPa] 
Steel 200 912 0.32 1.639 1494 
Copper 115 124 0.34 1.662 206 
 
In the regime of static elastic normal contact, the Hertzian theory gives the solution to the 
3D spherical contact [11]. Given a normal load, P, the contact radius, a, is obtained by,   
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E’ is the equivalent elastic modulus: 
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Since the material properties of the hemisphere and block are the same, herein, E1=E2=E, 
and ν1=ν2=ν. The maximum contact pressure, p0, and the interference, ω, are given by 
Eqs.3-11 and 3-12: 
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According to Green [61], the ratio between the maximum pressure and the maximum von 
Mises stress in normal elastic contact is defined by max( ) /o eC p  −= , where C( 𝑣 
)=1.30075+0.87825 𝑣 +0.54373 𝑣 2 . At the onset of yielding, the distortion energy theory 
asserts that maxe yS − = . The critical maximum pressure, P0c, is, therefore, replaced by the 
product C(ν)Sy, to establish critical values via Eq.3-9, Eq3-10, Eq.3-11 and Eq.3-12. The 
critical contact radius, ac, the critical load, Pc, the critical interference, ωc, and the critical 
elastic strain energy, Uc, at which the maximum von-Mises stress reaches the yield 
strength, Sy, are derive in [61], 
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Note that C(ν) and Sy always appear together as a single product term representing a 
combined material property. By substituting the material properties of Table 3-4 in Eq.3-
9, Eq.3-11, and Eq.3-12, the said critical parameters are obtained, and are listed in Table 
3-5. The critical contact area is calculated based on ac, Ac=π ac
2. These critical values are 
subsequently used to normalize (i.e., generalize) results within this work. This is significant 
because, as noted, the critical values differ by one, two, or three orders of magnitudes. 
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Table 3-5. The critical values (onset of plasticity) for spherical contact cases 
Sphere 
Material 
Block 
Material 
Critical 
Interference 
ωc [µm] 
Critical 
Load  
Pc [kN] 
Critical Elastic 
Strain Energy 
Uc [J] 
Critical 
Contact Radius 
ac [mm] 
Critical 
Contact Area 
Ac [mm2] 
Steel Steel 222 347 14.9 10.5 346.4 
Copper Copper 12.4 2.68 0.013 2.49 19.48 
The scheme of normalization in this work is achieved by utilizing the normalized 
interference, namely 1*ωc, 2*ωc, 3*ωc, while keeping the amplitude of the horizontal 
displacement 1*ωc constant throughout.   It allows the results to be applied to the practical 
situations both microscopically and macroscopically. 
3.2.2 Mesh Convergence of Spherical Contact Model 
Elements Solid 186 and Solid 187 are used to mesh the model in ANSYS 17.1 (shown in 
Fig.2). There are 161830 elements. The size of the refined mesh in the contact area is 5*10-
4m. Approximately six thousand contact elements (CONTA174 and TARGE170) on each 
side of the contact are used to simulate frictionless and frictional contacts. 
 
Figure 3-15. Finite element model in ANSYS 17.1 for spherical steel/steel case. 
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In order to validate the model, the mesh convergence is first performed in the regime of 
elastic contact for which a closed-form Hertzian solution exists [11], and the results are 
then compared. The following results are shown for contacts between identical steels. The 
same procedure is performed for the contact between an identical pair of copper with 
similar outcomes and for brevity these are omitted. 
With the input of ω/ωc, the interference, ω, is obtained using the aforementioned 
ωc=0.222mm. By substituting ω into Eq.3-12, the maximum contact pressure, p0, is 
obtained, and by using Eq.3-9 and Eq.3-11, the total load applied to the contact, P, and 
contact radius, a, are then calculated. In the FEA simulation, with the input of the 
interference, ω, the total of the normal reaction force at the bottom of the block, P, the 
maximum contact pressure on the contacting region, p0, and the radius of the contacting 
region, a, are extracted from ANSYS. The results are shown in Table 3 for steel-on-steel 
normal contact. Varying ω/ωc from 0.2 to the onset of plasticity, ω/ωc=1, the load differs 
by a maximum of 2.28%, contact radius 3.70% and maximum contact pressure 4.07%. The 
difference is higher when the interference is lower because extremely fine meshes are 
needed at lower interferences to capture the contact. However, the results are rather 
accurate about the 1*ωc interference and above. Therefore, the model and mesh converge 
using ANSYS have been established. It is noted that for verification purposes a similar 
model is executed using ABAQUS with practically identical results, with similar execution 
times. 
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Table 3-6. Comparison of selected values between theoretical predictions and FEA 
results for a hemisphere of radius, R, in an elastic contact with a 4Rx4RxR block. 
Input  Theoretical Predictions FEA Results 
ω /ωc ω [mm] a [mm] P [kN] p0  
[GPa] σemax[GPa] a  [mm] % dif P [kN] %dif 
p0  
[GPa] %dif σemax[GPa] %dif 
0.2 0.044 4.71 31.0 0.668 0.408 4.88 3.70 30.3 -2.28 0.641 -4.07 0.393 -3.66 
0.6 0.133 8.16 161 1.157 0.706 8.28 1.55 160 -0.82 1.147 -0.91 0.690 -2.33 
1 0.222 10.53 347 1.494 0.911 10.6 0.65 344 -0.77 1.487 -0.47 0.899 -1.35 
Since, for elastic-plastic contacts under combined normal and tangential loads, there is no 
closed-form solution, in that regime the elements of the mesh are iteratively refined by a 
factor of two until there is less than two percent difference in the contact radius between 
iterations.  
The mesh convergence procedure for other material pairs under displacement-controlled 
loading condition is same as the one shown above. However, the mesh convergence for the 
force-controlled model is somewhat different. The input is normal load per unit length, 
P/L. Based on P/L, the interference, ω, can be obtained from Eq. 3-12. The rest part is the 
same as that in displacement-controlled model. For all the cases in this work, the difference 
between the theoretical value and FEA value is below 3% for normal elastic condition, and 
the elements of the mesh are iteratively refined by a factor of two until there is less than 
one percent difference in the contact area between iterations. 
3.2.3 Loading Steps in Spherical Contact Model 
The results for displacement-controlled and force-controlled model are in similar trends. 
For brevity, all results are for displacement-controlled model in this chapter unless 
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otherwise noted. The results of the model described above are presented for normalized 
vertical interference, 𝜔∗ =
𝜔
𝜔𝑐
 , ranging from 1 (the limit of the elastic regime) to 3 (in the 
elastic-plastic regime). Three different COFs are applied, 0, 0.3 and 1. According to the 
wear control handbook by Peterson and Winer [88], a COF=0.3 is “typical” for metallic 
surface in dry contact, where a COF=1 represents a high value. Therefore, with COFs=0, 
0.3, and 1, the contact conditions range from “frictionless” through “typical” to “high.”  As 
shown in Fig.3-16, load steps are used to impose the oscillatory horizontal displacement 
and extract results of the intermediate state. Step 0 corresponds to the loading condition 
where the normal interference has been just applied before the hemisphere is about to move 
horizontally. Each cycle of the horizontal displacement is achieved by 40 loading steps. 
The maximum number of cycles of the oscillatory horizontal displacement is three, because 
of the vast computational effort (132 hours for a single case on a 4 cores 3GHz PC with a 
Xeon CPU). 
 
Figure 3-16. Loading steps of three cycles oscillatory horizontal for plane strain 
case. 
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In order to describe the location and the cycle number explicitly, the following convention 
of notation is utilized. Points (A,B,C,D) represent, respectively, δ= (0,1,0,-1)ωc, and the 
cycle number is specified by n=1,2,3. For instance, A2 corresponds to the end of the first 
cycle, where δ=0* ωc. 
3.2.4 The Distribution of von-Mises Stress 
Figure 3-17 shows the evolution of the von-Mises stress during three cycles of the 
horizontal loading at 1*ωc with µ=0.3. Each picture is held at the same color-coding scale 
with the highest intensity of red color representing the largest von-Mises stress. The first 
parameter describes the view from which the distribution of the von-Mises stress is given, 
corresponding to the views defined in Fig.3-13a. The next two parameters are used to 
identify the horizontal load step, as discussed above. For example, Fig.3-17a through Fig.3-
17c represent the horizontal displacement of the sphere, δ= (0, 0.2, 1)* 𝜔𝑐, respectively, in 
branch A1-B1 (defined in Fig.3-16) from the front view. Since the von-Mises stress 
distributions in the hemisphere and the block appear as mirror images with very slight 
difference (caused by the geometry dissimilarity), only the progressions of the von-Mises 
stresses in the hemisphere are discussed in the following. 
In order to analyze the von-Mises stress under the contacting surface (where plasticity is 
first to appear), the distributions of the von-Mises stress in the cut plane of the front view 
are shown through Fig.3-17a to Fig.3-17h. At the beginning, as shown in Fig.3-17a, there 
is only one point under the contacting surface reaching the yield strength in the sphere after 
1*ωc interference is just applied. It agrees with the prediction by Green [61].  Then the 
hemisphere starts to move to the right as shown in Fig.3-17b. The region with large von-
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Mises stresses in the hemisphere increases due to the introduction of the resisting tangential 
force. In Fig.3-17c, the hemisphere reaches the rightmost position, where von-Mises stress 
on the contacting surface increases as another effect of the tangential force. Then, the 
hemisphere turns back to the left, where the shakedown phenomenon is observed, as shown 
in Fig.3-17d, where plasticity disappears, leaving only an elastic state. As the hemisphere 
slides further to the left, the largest von-Mises stresses reappear under the contacting 
surface (Fig.3-17e).  The distribution of the von-Mises stress stabilizes after the sphere 
passes the origin and keeps that pattern until the hemisphere reaches the leftmost position 
(Fig.3-17f). As the hemisphere turns back to the right, another shakedown appears (Fig.3-
17g). Then the largest von-Mises stresses again reappear under the contacting surface as 
the hemisphere moves back to the origin (Fig.3-17h), finishing one cycle of horizontal 
loading. The evolution of the von-Mises stresses remains the same for the second and the 
third cycle, with the same distributions of von-Mises stress at A2, A3, and A4, as shown 
by ANSYS.  
In addition to the front view, the bottom view of the distribution of the von-Mises stresses 
showing the contacting surface of the hemisphere is shown in Fig.3-17i. Since the COF is 
relative small, the von-Mises stress on the contacting surface is smaller than that under the 
surface in the bulk material, and never reaches the yield strength during oscillatory 
horizontal loading (indicated by Fig.3-17i, the evolutions of the other bottom views are 
omitted for brevity). For this case of 1*ωc and μ=0.3, the largest von-Mises stress shows 
up always under the surface, where the cracks and fatigue are most likely to initiate and 
propagate.  
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(a) Front view, 0*ωc at A1-B1                        (b) Front view, 0.2*ωc at A1-B1                          (c) Front view, 1*ωc at A1-B1 
 
(d) Front view, 0.8*ωc at B1-C1                       (e) Front view, 0*ωc at B1-C1                             (f) Front view, -1*ωc at C1-D1 
 
(g) Front view, -0.8*ωc at D1-A2                      (h) Front view, 0*ωc at A2                                    (i) Bottom view,0*ωc at A4 
Figure 3-17. The evolution of von-Mises stresses during three cycles of horizontal 
loading at 1* ωc interference with µ=0.3 for steel/steel. 
However, as the COF increases, different evolutions of the von-Mises stresses show up. 
Figure 3-18 depicts the evolution of the von-Mises stress during three cycles of the 
horizontal loading at 1*ωc with µ=1. As shown in the front view, Fig.3-18a, after three 
cycles of loading, the largest von-Mises stress appears at the edges of the contact. In order 
to analyze the von-Mises stress on the contacting surface, the bottom views of the von-
Mises stress distribution in the hemisphere are shown in through Fig.3-18b to Fig.3-18l.  
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At the very being beginning just after the vertical interference is applied, the von-Mises 
stress on the surface, as shown in Fig.3-18b, is relatively small, since the tangential force 
has not been introduced yet. Then the hemisphere moves to the right. In Fig.3-18c, The 
large von-Mises stresses form “rings” at the contacting edges. As the hemisphere slides 
further to the right, the “rings” spread to the center until the whole contacting area is 
covered by the large von-Mises stresses (Fig.3-18d). This is caused by continued 
accumulation of plastic deformation. After reaching the rightmost position (Fig.3-18d), the 
hemisphere turns back to the left (Fig.3-18e), where shakedown is apparent. As the sphere 
slides to the left further, the “ring” of large von-Mises stresses appears at the edges of the 
contact again (from Fig.3-18f to Fig.3-18h). When the hemisphere reaches the leftmost 
position, the whole contacting area is covered by the large von-Mises stresses (Fig.3-18i). 
Seemingly, Fig.3-18d and Fig.3-18i are mirror images at the two extreme side positions. 
Then the hemisphere turns back to the right, and another shakedown appears (Fig.3-18j). 
As the hemisphere returns to the origin (Fig.3-18k), the “rings” of large von-Mises stresses 
show up at the contacting edges again. Comparing the distributions of von-Mises stresses 
at the end of the first cycle and third cycle, the “rings” of large von-Mises stress are 
stretched in the X direction, which indicates the stretching of the contacting area (discussed 
in Section 3.2.6). In this case, once the fretting motion commences, the largest von-Mises 
stress stays at the edges of the contacting area, where cracking and fatigue are most likely 
to initiate and propagate. 
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(a) Front view, 0*ωc at A4                                     (b) Bottom view, 0*ωc at A1                               (c) Bottom view,0.4*ωc at A1-B1 
 
 (d) Bottom view, 1*ωc at A1-B1                             (e) Bottom view, 0.8*ωc at B1-C1                      (f) Bottom view,0.6*ωc at B1-C1 
 
 (g) Bottom view, 0.4*ωc at B1-C1                            (h) Bottom view, 0.2*ωc at B1-C1                     (i) Bottom view,-1*ωc at C1-D1 
 
(j) Bottom view, -0.6*ωc at C1-D1                    (k) Bottom view, 0*ωc at A2                              (l) Bottom view,0*ωc at A4 
Figure 3-18. The evolution of von-Mises stresses during three cycles of horizontal 
loading at 1* ωc interference with µ=1 for steel/steel. 
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A conclusion can be drawn that, with small COF, the largest von-Mises stress is located 
under the surface, while with sufficient large COF, the largest von-Mises stress shows up 
at the contacting surface and is located at the edge of the contact.  
3.2.5 The Distribution of Plastic Strain  
With the von-Mises stress reaching the yield strength, there are equivalent plastic strains, 
Ɛp, appearing in the model. Figure 3-19 shows the evolution of the plastic strain at 1* ωc 
interference with µ=1 for three cycles of horizontal loading. Fig.3-19 depicts the front view 
of the distribution of Ɛp at the end of the third cycle. Evidently, the large plastic strains are 
located at the surface of the contact. To track the evolution of the plastic strain on the 
contacting surface, the bottom of the hemisphere during the fretting is shown from Fig.3-
19b to Fig.3-19h. There is no plastic strain shown on the bottom surface until the 
hemisphere slides 0.4* ωc to the right (Fig.3-19b), where the earliest plastic strain appears 
at the edge of the contact. As the hemisphere moves further to the right, the plastic strain 
gradually forms a “ring” at the edges of the contact (Fig.3-19c-Fig.3-19e). This “ring” stays 
there at the end of the first cycle, and it is stretched in the X direction just as the distribution 
of the von-Mises stresses do in Section 3.2.4. As the fretting motion proceeds, the “ring” 
of the plastic strain remains at the edges of the contact (Fig.3-19f and Fig.3-19g), with 
multiple peaks, which are caused by the oscillatory motion.  
The plastic strain is not found on the contacting surface for the above case when the COF 
drops to 0.3. Instead, there is only slight plastic strain under the surface (Ɛpmax=0.001 at 
loading step A4) compared with that of the case of COF=1 (Ɛpmax=0.1 at loading step A4). 
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(a) Front view, 0*ωc at A4                                       (b) Bottom view, 0.4* ωc at A1-B1                       (c) Bottom view, 0.6* ωc at A1-B1 
 
(d) Bottom view, 0.8* ωc at A1-B1                       (e) Bottom view, 1* ωc at B1                           (f) Bottom view, 0* ωc at A2 
 
(g) Bottom view, 0* ωc at A3                                (h) Bottom view, 0* ωc at A4                           
Figure 3-19. The evolution of equivalent plastic strain during three cycles of 
horizontal loading at 1* ωc interference with µ=1 for steel/steel. 
3.2.6 Junction Growth  
During the fretting motion, the contact area is found to increase in some cases, which is 
known as the junction growth. Figure 3-20 shows the schematics of the contact region at 
1*ωc with µ=1. The red color represents the region at the loading step A1, i.e., at the 
beginning of the loading. The blue color represents the region at the loading step A4, i.e., 
at the end of the three cycles of loading. In the figure, the contact region grows radially. 
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However, the growth in the X direction is larger than that in the Z direction, which stretches 
the contact region in the X direction. It is corresponding to the stretch of the distribution of 
von-Mises stresses and plastic strains in the X direction (Section 3.2.4 and 3.2.5).  
 
Figure 3-20. The schematics of the contact zone at the beginning and ending of the 
three cycles (A4) of loading at 1*ωc with µ=1 for steel/steel. 
In order to calculate the contact area, the trapezoidal rule is utilized to integrate the 
discretized data as shown in Fig.3-20. Figure 3-21 shows the evolutions of the contact area 
at 1*ωc with µ=0.3 and µ=1 during three cycles of horizontal loading. When the COF is 
small (µ=0.3), the von-Mises stress on the contacting surface never reaches the yield 
strength (Section 3.2.4), which introduces no plastic deformation on the surface (Section 
3.2.5). As a result, there is no junction growth at 1*ωc with µ=0.3. However, as the COF 
increases to µ=1, the tangential force introduces plastic strain on the surface (Section 
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3.2.5), which eventually causes the junction growth, as shown in Fig.3-20. The junction 
growth continues during three cycles of loading, and it tends to stabilize after sufficient 
cycles.  
 
Figure 3-21. The evolution of junction growth at 1*ωc with µ=0.3 and µ=1 during 
three cycles of horizontal loading for steel/steel. 
3.2.7 Depression Marks on the Surfaces of the block   
Figure 3-22 shows the profile of the contacting region of the block after three cycles of 
horizontal loading while the vertical interference is still maintained at 1*ωc with μ=1 at 
location A4.  There are pileups at the edges of the contact (see also the inset). This is due 
to the plasticity on the surface, introduced by the friction force. When the COF decreases 
to μ=0.3 with the same interference 1*ωc, there is no pileup after three cycles of horizontal 
loading, as shown in Fig.3-23. It can be explained by the absence of plastic strain at the 
surface, as indicated in Section 3.2.5. When the interference increases to 3*ωc with the 
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COF of μ=1, the pileups show up again (Fig.3-24), but they are not as pronounced as those 
for 1*ωc interference (Fig.3-22). The explanation is as follows. First, it should be noted 
that ANSYS provides specific information regarding the status of the contact, i.e., whether 
it is in full stick, partial slip, or gross slip. Thus, as the hemisphere starts to move from the 
original contact position, the contact status is in full stick at first, but then it goes into partial 
slip, and finally it transitions to gross slip (i.e., when the local tangential stress reaches the 
value of COF*normal-pressure).  For the cases with pileups, the contact status is full stick 
at the rightmost and leftmost positions. The horizontal displacement applied on the top 
surface of the hemisphere causes in general an elastic deformation of the bulk material and 
the displacement of the stick region. The smaller the displacement of the stick region is, 
less pronounced the depression mark is. With a larger interference, the stick area is more 
firmly fixed, and it displaces less. Therefore, the larger interferences introduce less 
pronounced depression marks with the same COF. 
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Figure 3-22. The surface profile of the contacting region of the block at 1*ωc after 
three cycles of horizontal loading with μ=1 for steel/steel. 
 
Figure 3-23. The surface profile of the contacting region of the block at 1*ωc after 
three cycles of horizontal loading with μ=0.3 for steel/steel. 
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Figure 3-24. The surface profile of the contacting region of the block at 3*ωc after 
three cycles of horizontal loading with μ=1 for steel/steel. 
3.2.8 The Evolution of the Tangential Force   
Figure 3-25 shows the evolution of the tangential force during three cycles of horizontal 
loading with μ=1 at 1*ωc interference. The tangential force (or traction), Q, is extracted 
from ANSYS similar to the normal force, P. Specifically, the reaction forces on the top 
surface of the hemisphere are summed up in the horizontal direction, and designated as Q, 
to be the active force necessary to displace the hemisphere as prescribed. That force, Q, is 
normalized by the critical load, Pc. As shown in Fig.3-25, the normalized tangential force, 
Q/Pc, tends to stabilize after the first quarter of the cycle. The evolution has the similar 
trend of the initial few cycles of the fretting loop as reported in [86]. The enclosed area 
represents the work consumption during the fretting motion. The maximum normalized 
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tangential load increases after each cycle, and tends to reach the COF applied, μ=1. It is 
relative smaller than the applied COF due to the partial slip and partial stick contact 
conditions occurring at the rightmost and leftmost positions.  
When the COF decreases to 0.3, the evolution of the normalized tangential force is shown 
in Fig.3-26 (see the loop). The loop stabilizes after the first quarter of the cycle. The 
evolutions of the second and the third cycles are the same, which means the fretting motion 
has stabilized after two cycles. Additionally, the maximum normalized tangential force, 
which quantitatively equals to the effective COF (µe=Q/Pc), stabilizes at the value of the 
COF applied, μ=0.3. It is attributed to the full slip contact conditions (indicated by ANSYS) 
at the rightmost and leftmost positions.  
The frictionless evolution of the tangential force at 1*ωc is also shown in Fig.3-26 (see the 
horizontal line). In that case, the tangential force is always zero, which means that the 
elastic resistance caused by the indentation is subtle. The frictionless evolutions of the 
tangential force are also investigated at different interferences. The tangential force stays 
at zero even when the interference is extended to 10* ωc. The explanation is that since the 
two bodies are made of the same material, the sphere is geometrically, i.e. structurally, 
weaker than the block. The sphere then is deformed more, so that there is no effective 
plowing during the fretting motion, which leads to the zero tangential force. Therefore, 
when friction is present, the tangential force is generated by the frictional traction at the 
interface. 
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Figure 3-25. The evolution of the tangential force during three cycles of horizontal 
loading at 1*ωc with μ=1 for steel/steel. 
 
Figure 3-26. The evolution of the tangential force during three cycles of horizontal 
loading at 1*ωc with μ=0.3 and μ=0 for steel/steel 
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3.2.9 The Work Done to the System   
As shown in Section 3.2.8, the area under hysteresis curve of the tangential force represents 
the work invested into the system (Fig.3-25 and Fig.3-26). Considering loading as quasi-
static, the kinetic energy is not considered. Therefore, the work transfers to three kinds of 
energy: elastic strain energy, plastic strain energy, frictional energy dissipation.   
The work, U, is derived by Eq.3-16, where Q is the active tangential force applied on the 
top surface of the hemisphere to impose δ, which is the horizontal displacement of the 
hemisphere top surface. The trapezoidal rule is utilized to integrate the discretized data 
extracted from ANSYS. 
U Q d=   
(3-16) 
Figure 3-27 shows the evolution of the total work done to the system at 3*ωc during three 
cycles of loading with different COFs. The work is normalized by the critical work, 
Uc=30.789J (see Table 3-5).  The sliding distance represents the absolute distance the 
hemisphere passes, and the corresponding fretting motion position is shown. Note that 
additional COFs cases are added here, including 0.001, 0.05, 0.08, 0.1, and 10. Taking the 
work evolution with μ=0.3 as an example, the work increases during the sliding of the 
hemisphere first to the right, which contains the three work forms discussed above. As the 
hemisphere turns back to the left at B1, the work drops because of the release of the elastic 
strain energy, which is further verified by the shakedown phenomenon in Section 3.2.3.1. 
When the hemisphere approaches the origin at C1, the effect of the elastic strain energy is 
overshadowed by the dissipation of frictional and plastic effects. The work starts to 
increase again until another shakedown occurring at D1. The fluctuating nature of the 
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evolution is caused by the restoration (i.e., release) of elastic strain energy, and the 
cumulative increase of the evolution is caused by the dissipation of the fictional and plastic 
effects. 
 As the COF increases, the elastic strain energy effect becomes dominant, and the frictional 
dissipation decreases since most of the contacting area during fretting is in the stick 
condition (as indicated by ANSYS). Therefore, comparing µ=0.1 and µ=0.3, the work done 
to the system is larger in case with µ=0.3 initially, but then it becomes smaller as fretting 
continues. As the COF decrease, the elastic strain energy effect is not dominant. But the 
friction dissipation decreases as a result of the drop of the COF. Therefore, at a certain 
interference, there exists a certain (“critical”) COF, which produces the largest work 
dissipation.  
 
Figure 3-27. The evolution of the total work done to the system at 3*ωc during three 
cycles of loading with different COFs for steel/steel 
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3.2.10 Conclusion 
This spherical contact fretting model is between a hemisphere and a flat block. The 
materials of the two bodies are set to be identical steels with one percent strain hardening 
based on the elastic modulus. It is a displacement-controlled model with various COFs 
being applied at the interface. Several conclusions are drawn. 
1. The largest von-Mises stress is confined under the contacting surface with small COFs, 
while with sufficiently large COFs, the largest von-Mises stress shows up at the contacting 
surfaces and is located at the edge of the contact. 
2. With sufficiently large COFs, the large plastic strains form multiple “rings” on the 
contacting surfaces after the oscillatory fretting motion. 
3. Junction growth is found when there is plastic deformation on the surface of the contact. 
The contacting region is stretched in the direction of the fretting motion. 
4. There are depression marks on the surface of the block caused by the fretting motion. 
There are pileups at the edges of the contact with large COF. Since the magnitude of the 
oscillatory sliding distance is relatively small, 1*ωc, the pileup phenomenon is not 
pronounced. 
5. The fretting loop of the initial cycles is found. The evolution of the tangential force 
stabilizes fast with small COFs. The maximum effective COF during the cyclic loading 
equals to the COF applied to the model after the stabilization. The tangential force is always 
zero at frictionless contact without the plowing effect, which is due to the sphere being 
structurally weaker than the block.  
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6. The work done to the system equals to the enclosed area of the hysteresis curve, which 
is the evolution of the tangential loading. It corresponds to three kinds of energy: elastic 
strain energy, plastic strain energy, and frictional energy dissipation. The fluctuating nature 
of the evolution of the work is caused by the preservation of the elastic strain energy, while 
the cumulative increase of the effect is caused by the dissipation of the frictional and plastic 
dissipation. At certain interference, there exists a certain COF, which will yield the largest 
work done to the system. 
3.3 Conclusion 
In this chapter, the fretting models between identical materials are built in both 2D plane 
strain cylindrical and 3D spherical contacts for elasto-plastic regimes. The results for 
displacement-controlled loading conditions with various COFs are discussed.  
For 2D plane strain cylindrical contact, the following results are found. With small COFs, 
the largest von-Mises stress is confined under the contacting surface. With large COFs, the 
largest von-Mises stress is located at the edge of the contact. Likewise, the largest plastic 
strain shows up at the edges, too. It is, therefore, postulated that cracks and fatigue are most 
likely to initiate and propagate at the contact edges with large COFs, at bulk material under 
contacting surface with small COFs. Due to the plastic deformation of the surfaces, 
junction growth is found. The magnitude of the junction growth increases with the COFs, 
while the rate of the convergence of the growth decreases with the COFs. The behavior of 
the junction growth is found to agree qualitatively with the experimental results [89]. In 
the experimental work reported by Brizmer et al. [89], where the normal load is kept 
constant, the contact area increases with the tangential load, and the contact area is 
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stretched more in the sliding direction, which agrees with the Fig. 3-20 in the current work. 
The fretting loop (i.e., the development of the tangential force versus fretting motion) for 
the initial few cycles of loading is likewise found, where the enclosed area indicates the 
energy loss. The similar types of fretting loop including conditions of partial stick and 
partial slip (Fig. 3-25), and gross slip (Fig. 3-26) can also be found in the experimental 
work by Vingsbo et al. [6]. Pileup appears with large COFs, which intensify the plastic 
strain at the contact edges. 
For 3D spherical contact, the following results are found. With small COFs, the largest 
von-Mises stress is confined under the contacting surface. With large COFs, the largest 
von-Mises stress is located at the edge of the contact. The large plastic strains form multiple 
“rings” on the contacting surfaces after the oscillatory fretting motion. It is, therefore, 
postulated that cracks and fatigue are most likely to initiate and propagate at the contact 
edges with large COFs, at bulk material under contacting surface with small COFs. 
Depression marks and pileups on the surface of the block are found. The fretting loop of 
the initial cycles is found. The evolution of the tangential force stabilizes fast with small 
COFs. The maximum effective COF during the cyclic loading equals to the COF applied 
to the model after the stabilization. The tangential force is always zero at frictionless 
contact without the plowing effect, which is due to the sphere being structurally weaker 
than the block. The work done to the system equals to the enclosed area of the hysteresis 
curve, which is the evolution of the tangential loading. It corresponds to three kinds of 
energy: elastic strain energy, plastic strain energy, and frictional energy dissipation. The 
fluctuating nature of the evolution of the work is caused by the reservation of the elastic 
strain energy, while the cumulative increase of the effect is caused by the dissipation of the 
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frictional and plastic dissipation. At certain interference, there exists a certain COF, which 
will yield the largest work done to the system. 
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CHAPTER 4. FRETTING BETWEEN DISSIMILAR MATERIAL 
PAIRS AT ROOM AND HIGH TEMPERATURES 
In the previous chapter, the fretting contact between identical materials is analyzed. In this 
chapter, the fretting contact between dissimilar materials is going to be discussed. The 
model is the same as the one in the previous chapter, but the materials are different. The 
distribution of von-Mises stress, plastic strain, junction growth, depression mark on the 
block, and work done to the system are discussed. The model and results for the 2D case 
have been published in Ref.[90]. 
 
4.1 Plane Strain Cylindrical Fretting Contact 
4.1.1 The Cylindrical Contact Model 
The models are the same as those in the previous chapter, the displacement-controlled and 
force-controlled 2D plane strain cylindrical models. However, the material pairs in this 
chapter are dissimilar material pairs, which are Inconel 617/ Incoloy 800H at 20C and 800C 
[90]. The material properties are listed in Table 4-1. The yield strength of Incoloy 800H is 
about half of that of Inconel 617. The parameter C(ν) represents the ratio between the 
maximum pressure and the maximum von Mises stress in normal elastic contact as given 
by Green [61]. The elastic-perfectly plastic behavior is used in the FEA.  
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Table 4-1. Material properties for cylindrical fretting model 
Temperature Material 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
C(ν) 
C ∙ Sy 
[MPa] 
20°C Inconel 617 211.0 322 0.3 1.795 578 
20°C Incoloy 800H 196.5 150 0.339 1.839 276 
800°C Inconel 617 157.0 290 0.3 1.795 521 
800°C Incoloy 800H 141.3 90 0.394 1.839 170 
In an elastic contact regime, the solution of the 2D plane strain cylindrical contact is given 
by the Hertzian contact model. Under a total load per unit length, P/L, the maximum 
pressure, 𝑝0, is located at the center of the contact [11]:  
0
2P
p
bL
=  (4-1) 
The half-width of the contact, b, is given by: 
1
2
'
4PR
b
LE
 
=  
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 (4-2) 
where E’ is the equivalent elastic modulus is: 
2 2
1 2
'
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E E E
 − −
= +  (4-3) 
Herein, the subscript “1” and “2” represent the cylinder and the block, respectively. The 
interference of a half cylinder in contact with a block, whose depth is d, is derived in 
Appendix A:  
2 2' 2 '
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 (4-4) 
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At the onset of yielding 
maxe yS − = , for contact between dissimilar materials, the minimum 
of C1Sy1 and C2Sy2 determines the maximum contact pressure, p0, at which the “weaker” 
material yields first. For cylindrical contact as given by Green [31],                                                          
C (𝑣 )=1.164+2.975 𝑣 -2.906 𝑣 2, for 𝑣 >0.1938. Hence, at yielding onset, po is replaced by 
the product, 
 1 1 2 2min ,y y yCS C S C S=  (4-5) 
to provide the critical parameters. When the material pair is identical, the two bodies yield 
at the same normal load. When the material pair is different materials, based on Table 3-1, 
Incoloy 800H is the weaker material that yields first both at 20°C and 800°C. These values 
are used to calculate the critical half contact width, bc , and the critical load per unit length, 
Pc /L , according to [61]: 
'
2 y
c
RCS
b
E
=  (4-6) 
2
'
( )yc R CSP
L E
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=  (4-7) 
  
By subsisting Eq.4-7 into Eq.4-4, the critical interference is:  
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 (4-8) 
For the material properties listed in Table 3-1 and the depth of the block (d=R) herein, the 
critical interference, the critical load per unit length, and the critical half contact width are 
given in Table3-2. The critical values, ωc, bc, Pc/L are used to normalize the forthcoming 
room and high temperature results, respectively. 
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Table 4-2. The critical values (onset of plasticity) for different material schemes and 
different temperatures. 
Temperature 
Cylinder 
Material 
Block 
Material 
Critical 
Interference 
ωc [µm] 
Critical 
Load per 
Unit Length 
Pc/L [MN/m] 
Critical Half 
Contact 
Width 
bc [mm] 
20°C Inconel 617 Inconel 800H 35.4 1.05 2.43 
800°C Inconel 617 Inconel 800H 24.5 0.53 2.00 
The mesh convergence procedure is the same as that of identical material pairs, which is 
first done in elastic normal contact, and then done in elastic-plastic fretting contact. For 
brevity, it is not shown here.  
4.1.2 Loading Steps in Cylindrical Contact Model 
As shown in Fig.4-1a, the materials of the cylinder/block are assigned to 
Inconel617/Incoloy800H respectively and designated as Scheme1. Then the materials are 
exchanged in Scheme2 (Fig.4-1b). The simulations are performed for both schemes at 
room temperature first, and then for scheme1 at 800°C. Because the fretting damage on the 
block is of interest here, results of Scheme1 with the weaker material being the block, will 
be shown in the following. Meanwhile, the results of Sheme2 will help to understand the 
junction growth.    
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                                               (a) Scheme1                                                                                      (b) Scheme2   
Figure 4-1. Material schemes for the fretting model. 
The results of finite element model described above are presented for normalized vertical 
interference, 𝜔∗ =
𝜔
𝜔𝑐
 , ranging from 1 (the limit of the elastic regime) to 3 (in the elastic-
plastic regime). Two different frictional coefficients are applied, 0.3 and 1. In order to 
describe the oscillatory horizontal displacement, load steps are used. As shown in Fig.4, 
Step 0 represents the start of horizontal load just after the vertical interference is applied. 
Each increment of step represents a sliding distance of 0.1∗ 𝜔𝑐. It takes 40 steps to finish 
one cycle of loading. Due to the computational burden (13 hours for a single simulation on 
a 3GHz Intel Xeon PC Workstation), the maximum cycle of horizontal displacement 
investigated in this work is set to three cycles. The following convention of notation is used 
to signify the location and the cycle number. Points (A,B,C,D) signify δ= (0,1,0,-1)ωc , 
respectively, and n=1,2,3 specify the cycle number. For example, A3 represents the 
inception of the third cycle, where δ=0* ωc. 
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Figure 4-2. Loading stepping of three cycles oscillatory horizontal load. 
 
4.1.3 The Distribution of von-Mises Stresses 
Fig.4-3 illustrates the evolution of the von-Mises stresses for Scheme1 at 1*ωc interference 
for three cycles of horizontal loading with μ=1, at room temperature of 20°C. After pure 
normal contact between the cylinder and block is made, i.e., at the inception of the cylinder 
sliding to the right (location A1 in Fig.4-2), the maximum von-Mises stress in the cylinder 
and the block reaches Sy2=150MPa (see Fig.4-3a), which equals to the yield strength of 
Incoloy 800H, being the weaker material of the block. The maximum von-Mises stress in 
the cylinder is 153MPa, which is slightly larger than that in the block (but still smaller than 
its yield strength of 322MPa). Theoretically, according to Green [61], the maximum von-
Mises stress in the cylinder for this case, σemax1=p0/C1= 153MPa (p0=Sy2C2, as mentioned 
in Section 4.1.2), agrees well with the FEA results. Then, from position A1, the cylinder 
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starts to move to the right. Fig.4-3b shows the distribution of the von-Mises stresses when 
the cylinder reaches the rightmost position (location B1 in Fig.4-2). For the cylinder, even 
with the tangential force, the material does not yield. Hence, the von-Mises stress keeps 
increasing where the maximum value reaches 280MPa. For the block, since the von-Mises 
stress has reached the yield strength after the normal contact, there is no increase in the 
maximum value, but the plastic area (represented by the orange color in Fig.4-3) gets larger 
and reaches the surface. As the sliding proceeds back and forth, the region with large von-
Mises stresses appears at the two edges of the contact, as shown in Fig.4-3c and Fig.4-3d. 
Therefore, cracks are expected to initiate and propagate most likely at the two edges of the 
contact during the fretting motion. For the cylinder, although there is no plastic 
deformation, the large von-Mises stresses at the two edges of the contact are likely to 
introduce fretting fatigue. For the block, the cumulative plastic deformations at two edges 
of the contact are likely to introduce fretting wear and also fretting fatigue. 
The maximum von-Mises stress in the cylinder never reaches the yield strength of the 
Inconel 617 during the three cycles of loading at 1*ωc interference. Since the maximum 
value stabilizes after one cycle of loading, the cylinder in this case is presumed to never 
yield. In order to find the interference at which the cylinder will yield in Scheme1, up to 
ten critical interferences cases with one cycle of horizontal loading have been simulated. 
However, the results show that the cylinder never yields. At 7*ωc interference, the 
maximum value of the von-Mises stress is 290MPa, which is about 4% increase while the 
interference increases seven times. As the interference increases to 10*ωc interference, the 
maximum von-Mises still stays at 290MPa. It can be explained that the effect of plasticity 
decreases the rate of the load per unit length growth significantly, with respect to the growth 
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of the applied interference, as the contact approaches the fully plastic regime. Therefore, it 
can be postulated that at room temperature for Scheme1, the cylinder of material Inconel 
617 is very “strong” or “hard” to yield when it is in contact with block of material Incoloy 
800H. Similar results for the block of material Inconel 617 in Scheme2 have been found, 
but are not reported for brevity. 
 
        (a)  At load step A1 (Shown in Fig.4), max=150MPa                                     (b) At load step B1, max=270MPa 
 
       (c)  At load step A2, max=250MPa                                                                   (d)  At load step A4, max=230MPa 
Figure 4-3. The distribution of von-Mises stresses at 1*ωc interference for three 
cycles of horizontal loading with μ=1 for Scheme1 at 20°C. 
4.1.4 The Distribution of Plastic Strain 
When the von-Mises stresses in the block of material Incoloy 800H first reach the yield 
strength and fretting is in the elastic-plastic regime (Scheme1), there are plastic strains in 
the block which are indicated by the equivalent plastic strain, 𝜀𝑝. Figure 4-4 shows the 
distribution of 𝜀𝑝 at the region of contact after three cycles of horizontal loading have 
completed, at different interferences and COFs. In all the three cases, the maximum 𝜀𝑝 is 
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located at the two edges of contact on the block, which coincides with the location of the 
maximum von-Mises stress. That is consistent with the direct correspondence between 
stress and strain. Because the von-Mises stress in the cylinder does not reach the yield 
strength, as discussed in Section 4.1.3, there are no plastic strains in it. Hence, all the plastic 
strains seen in Fig.4-4 are in the block. 
Figure 4-4a illustrates the plastic strain distribution at 1∗ 𝜔𝑐 interference with μ=1. Since 
there is no plastic strain under surface after the normal loading (only at one point the von-
Mises stress reaches the yield strength), the plastic strain is confined near the surface to 
absorb the work generated by the friction force. As the interference increases to 3∗ 𝜔𝑐 
(Fig.4-4b), the plastic strain distribution changes. Because the region under the surface 
reaches plasticity in a much larger area (details provided by Jackson and Green [21]), the 
plastic strain spreads to a deeper and wider region under the surface. Consequently, the 
larger region absorbs the damage manifested by a deeper depression mark. As a result, the 
maximum 𝜀𝑝 (located at the edges) is relatively smaller at larger interference. In other 
words, as the contact produces more permanent damages, there is less plastic strain at the 
edges, i.e., at the location where the failure, as postulated in Section 4.1.3, is most likely to 
show up. Evident from the maximum values in Fig.4-4b (μ=1) and Fig.4-4c (μ=0.3), the 
plastic strain decreases with the drop of the COF, especially at the edges.  
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         (a) 1 ∗ 𝜔𝑐 interference, μ=1,   maximum 𝜀𝑝=1.41     
 
         (b) 3 ∗ 𝜔𝑐 interference, μ=1,   maximum 𝜀𝑝=0.12     
 
          (c) 3 ∗ 𝜔𝑐 interference, μ=0.3,   maximum 𝜀𝑝=0.012    
Figure 4-4. The distribution of von-Mises stresses at 1*ωc interference for three 
cycles of horizontal loading with μ=1 for Scheme1 at 20°C. 
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In order to understand the progression of the plastic strain, the distribution of 𝜀𝑝 on the 
surface of the block after each horizontal loading cycle is investigated. Figure 4-5a shows 
the evolution of the plastic strain on the surface of the block after three cycles of horizontal 
loading at 1∗ 𝜔𝑐 interference with μ=1. The plastic strain keeps increasing after each cycle, 
and the relatively large value locates near the edges of the contact. Outside the initial 
contacting area (|X/bc|>1), there are smaller peaks of equivalent plastic strains on each side. 
These small peaks are caused by the abrupt change of the values of the three normal stresses 
and shear stress inside and outside the contact area (shown in Fig.4-5b). The abrupt change 
of the four stresses leads the von-Mises stress to reach another peak, which reaches the 
yield strength as shown in Fig.4-5b. The peak of the von-Mises stress contributes to the 
peak of the plastic strain. 
The distributions of the plastic strains are asymmetric in Figs.4-4 and 4-5. The plastic 
strains on the right are always larger than those on the left. That is due to the displacement-
controlled loading conditions. The normal load during the fretting motion decreases 
gradually since the block deforms plastically leading to a reduction in the effective 
resistance to the vertical interference. The cylinder first moves to the right, which leads to 
larger plastic strains on the right as it experiences a larger normal load. 
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(a) Plastic strain 
 
(b) Normal stress and Shear stress 
Figure 4-5. The distribution of the equivalent plastic strain, normalized stresses, and 
shear stress on the contacting surface of the block at 1*ωc interference with μ=1 for 
Scheme1. 
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4.1.5 Junction Growth 
Junction growth is the increase of the contacting area, and it is obtained during the fretting 
motion from FEA code. Figure 4-6 illustrates the evolution of the half contact width during 
the three cycles of horizontal load at 1∗ 𝜔𝑐 interference with μ=1 for Scheme1. It shows 
that the contact width keeps increasing during the three cycles, but it tends to stabilize. The 
introduction of the tangential force together with the normal load causes plastic 
deformation on the surface of the contact. The plastic deformation leads to the junction 
growth. Since the cylinder is also being flattened, the normal force required to keep the 
constant interference decreases during the fretting motion. With the decrease of the normal 
force, the tangential force decreases. When the corresponding von-Mises stresses drop 
under the yield strength, the plastic deformation stabilizes along with the junction growth. 
The two edges of the contact keep moving outwards during the fretting motion. However, 
the contributions to the junction growth, Δb=b-bA1, of the two edges grow at a different 
rate as it is evident from Figure 4-7, which shows the evolution of the contributions to the 
growth of the two sides at 1∗ 𝜔𝑐 interference with μ=1 for both schemes. The variable Δb 
represents the increase of the absolute value of the horizontal coordinate of the edges of 
the contact with respect to the values after the pure normal critical interference. For 
scheme1, the right side contributes more than the left side at the first quarter of the cycle, 
which means the deformation on the right side of the block is more pronounced. When the 
cylinder turns to the left, the left side starts to contribute more than the right side. At the 
end of the first cycle, the contributions of the two sides reach almost the same value. 
According to the results of the Scheme1, a conclusion could be drawn that the more 
pronounced junction growth occurs in the same direction of the tangential force 
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experienced by the surface of the deformed body, i.e. the block. When the materials of the 
two bodies are exchanged, i.e., Scheme2, the behavior of the junction growth on the two 
sides reverses, too. In scheme2, the left side contributes more to the growth during the first 
quarter of the cycle, while the right side starts to contribute more after the cylinder turns to 
the left. The more pronounced growth is in the same direction of the tangential force 
experienced by the surface of the cylinder, i.e. the weaker material (Incoloy 800H). The 
conclusion above is further verified. It is also consistent with the conclusion of Brizmer et 
al [91] that in the contact between a deformable sphere and a rigid flat under full stick 
condition, the junction growth is in the same direction of the tangential force experienced 
by the sphere. 
 
Figure 4-6. The evolution of the junction growth as indicated by the normalized half 
contact width for three cycles of horizontal load at 1ωc interference with μ=1 for 
Scheme1. 
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(a) Material Scheme1 
 
(b) Material Scheme2 
Figure 4-7. The junction growth as indicated by the normalized half contact width 
on the two sides of the contact during the first horizontal cycle at 1*ωc interference 
with μ=1 for different material schemes. 
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4.1.6 The Evolution of Tangential Force per Unit Length 
The development of the tangential force per unit length during the fretting motion is 
recorded. Fig.4-8a depicts the evolution of Q at 1∗ 𝜔𝑐  interference with μ=1 for three 
horizontal loading cycles. That behavior is typically for the initial cycles of the fretting 
loop according to Walvekar [86]. The enclosed area represents the energy loss caused by 
the fretting motion under the given COF. As the cycle number increases, the maximum 
tangential force increases, which can be caused by the cumulative plastic deformation on 
the surface of the block.   
Figure 4-8b illustrates the evolutions of the tangential force during three cycles of loading 
at 3*ωc interference with different COFs. When the COF is relatively small (µ=0.1 and 
0.2), the loop stabilizes after the first cycle. Additionally, the effective COF (µe=Q/P), 
stabilizes at the value of the COF applied, µ=0.1 and 0.2, respectively. It is attributed to 
the full slip contact conditions (as indicated by ANSYS) at the right and left most positions. 
When the COF increases to µ=0.3, the loop does not stabilize after three cycles, but tends 
to stabilize after sufficient number of cycles. Therefore, the fretting loop stabilizes at the 
initial few cycles of loading for small COFs. The larger the COF, the larger of the number 
of loading cycles that the loop needs to stabilize. 
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(a) 1∗ 𝜔𝑐 interference with μ=1 
 
(b) 3∗ 𝜔𝑐 interference with different COFs 
Figure 4-8. The development of the normalized tangential force during three cycles 
of the horizontal loading for Scheme1. 
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4.1.7 The Depression marks on the Block 
As the fretting motion proceeds, a depression mark is generated on the surface of the flat 
block. The depression mark can be visualized by the deformed curve of that surface. Fig.4-
9 shows the deformed curve at 3∗ 𝜔𝑐 interference with μ=1 right after the interference is 
applied for Scheme1. The curve is identical in shape to that of an elastic half-space with 
line loading, see Fig. 3-11, and as given by Johnson[11]. When the curve near the contact 
is zoomed in (see the inset in Fig.4-9), the indentation caused by the interference becomes 
clearly visible. The normalized deformation at the center of the surface of the block is about 
1.6∗ 𝜔𝑐, which is larger than half of the applied interference, 3∗ 𝜔𝑐. That is caused by the 
plastic deformation on the block, while the cylinder deforms entirely elastically. 
The depression mark grows during the oscillatory horizontal loading. Fig.4-10 depicts the 
deformed curves of the surface of the contact region at 3∗ 𝜔𝑐 interference after three cycles 
of loading with μ=0.3 (under partial slip and partial stick, as indicated in ANSYS) and μ=1 
(under full stick, as indicated in ANSYS). For μ=0.3, the depression mark (shown in Fig.4-
10) is deeper than the original one (shown in the inset of Fig.4-9) right after the interference 
is applied. It can be understood by the decrease of the normalized Y-axis of the center of 
the surface on the block from -0.16 (shown in Fig.4-9) to -0.17. For μ=1, pileup shows up 
at near the inflection point of the curve. According to the results above, the pileup occurs 
at the edges of the indentation with a sufficiently large COF, especially in the case of the 
full stick condition. The abrupt change of the curvature or pileup will further produce the 
large von-Mises stress and plastic deformation at the corresponding position of the contact.  
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Figure 4-9. The curve of the surface of the block after 3*ωc interference for 
Scheme1. 
 
Figure 4-10. The depression marks on the surface of the block at 3*ωc interference 
after three cycles of load for Scheme1. 
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4.1.8 The Influence of the Temperature 
The results above are acquired for room temperature 20°C. In this section, results for 800°C 
are obtained and compared with those for 20°C. Firstly, the absolute horizontal and vertical 
displacements are kept the same for 20°C and 800°C to show the influence of the 
temperature. Secondly, the normalized horizontal and vertical displacements for 800°C 
(ω/ωcT and δ/ωcT) are kept being equal to those for 20°C (ω/ωc and δ/ ωc) to show the 
function of normalization.  
Table 4-3 shows the results at the two temperatures with the same absolute displacements 
after one cycle of horizontal displacement with µ=1. With the increase of the temperature, 
the plastic strain increases because of the decrease of the elastic modulus, E. Meanwhile, 
the tangential force, normal force, and the maximum von-Mises stress in the cylinder 
decrease. It is attributed to the decrease of the yield strength of the materials at elevated 
temperature.  
Table 4-3. Different results at 20°C and 800°C after 1*ωc interference and one cycle 
of horizontal displacement, whose magnitude is 1*ωc, with µ=1 for Scheme1. 
Temperature 
Plastic Strain 
εp 
Normalized Tangential 
Force per Unit Length 
(Q/L)/(Pc/L) 
Normalized Normal 
Force per Unit 
Length (P/L)/(Pc/L) 
Normalized Maximum Von-
Mises Stress in Cylinder  
σe1/Sy2 
20°C 0.74 0.54 1.14 2.0 
800°C 0.83 0.34 0.82 1.4 
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4.1.9 Conclusion 
This section presents a 2D plane strain finite element fretting model of a half cylinder in 
contact with a block. The materials of the two bodies are Inconel 617 and Incoloy 800H. 
The fretting model is displacement-controlled, where it is loaded with an interference first, 
and then a reciprocating horizontal displacement is applied to the top of the half cylinder. 
Different COFs are used in the model. Several conclusions are drawn. 
1.During the oscillatory tangential loading, the two contact edges tend to experience the 
largest von-Mises stress. It is, therefore, postulated that cracks and fatigue are most likely 
to initiate and propagate at the contact edges. Between Inconel 617 and Incoloy 800H, the 
former is “harder” or “stronger,” and in the current investigation it never yields. 
2.The largest plastic strains show up at the edges, too. The plastic deformation on the 
surface of the cylinder is not perfectly symmetric about the origin point, where it is slightly 
larger on the right, which is the direction of the initial motion. This is attributed to the 
decreasing normal force necessary to maintain a prescribed interference. 
3.Due to the plastic deformation of the surfaces, junction growth is found. The more 
pronounced growth on the two edges is in the same direction of the tangential force 
experienced by the surface of the deformed body. This conclusion agrees with the results 
of Brizmer et al [91] whose model is the contact between a deformable sphere and a rigid 
flat under full stick condition. 
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4.The fretting loop (i.e., the development of the tangential force versus fretting motion) for 
the initial few cycles of loading is found, which is similar to that found experimentally by 
Courtney-Pratt and Eisner [92]. 
5.There are abrupt changes of the curvature at the edges of the indentation on the surface. 
When the COF is large enough to reach the fully stick condition, pileup will appear at the 
position of the abrupt change. 
6.The temperature elevation causes the increase of the plastic strain and the decrease of the 
tangential force, normal force, and the maximum von-Mises in Inconel 617. 
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4.2 Spherical Fretting Contact  
4.2.1 The Spherical Contact Model 
The models are the same as those in the previous chapter, the displacement-controlled and 
force-controlled 3D spherical contact models. However, the material pairs in this chapter 
are dissimilar material pairs, which are Inconel 617/ Incoloy 800H at 20C and 800C [90]. 
The material properties are listed in Table 4-1. The yield strength of Incoloy 800H is about 
half of that of Inconel 617. The parameter C(ν) represents the ratio between the maximum 
pressure and the maximum von Mises stress in normal elastic spherical contact as given by 
Green [61]. Both materials are assumed to possess a 1% strain hardening based on the 
elastic modulus. That amount of the tangential modulus is verified not to significantly 
affect the FEA results, yet it improves the convergence times in ANSYS. The code 
ABAQUS is used too on select cases just to verify result. Adhesion is not considered in 
this chapter. 
Table 4-4. Material properties for spherical fretting model 
Temperature Material 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
C(ν) 
C ∙ Sy 
[MPa] 
20°C Inconel 617 211.0 322 0.3 1.615 520 
20°C Incoloy 800H 196.5 150 0.339 1.662 249 
800°C Inconel 617 157.0 290 0.3 1.615 468 
800°C Incoloy 800H 141.3 90 0.394 1.662 156 
According to Green [61], the ratio between the maximum pressure and the maximum von 
Mises stress in normal elastic contact is defined by max( ) /o eC p  −= , where                       
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C(𝑣 )=1.30075+0.87825 𝑣 +0.54373 𝑣 2 . At the onset of yielding, the distortion energy 
theory asserts that maxe yS − = . The critical maximum pressure, P0c, is, therefore, replaced 
by the product C(ν)Sy, to establish critical values via Eq.3-9, Eq3-10, Eq.3-11 and Eq.3-12. 
By substituting the material properties of Table 4-2 in Eq.3-9, Eq.3-11, and Eq.3-12, the 
said critical parameters are obtained, and are listed in Table 4-5. The critical contact area 
is calculated based on ac, Ac=π ac
2. These critical values are subsequently used to normalize 
(i.e., generalize) results within this work.  
Table 4-5. The critical values (onset of plasticity) for different material schemes and 
different temperatures. 
Temperature 
Cylinder 
Material 
Block 
Material 
Critical 
Interference 
ωc [µm] 
Critical 
Load 
Pc[kN] 
Critical Contact 
Radius 
ac [mm] 
Critical Contact 
Area 
Ac[mm2] 
20°C Inconel 617 Inconel 800H 5.96 1.556 1.73 9.36 
800°C Inconel 617 Inconel 800H 4.15 0.677 1.44 6.52 
The scheme of normalization in this work is achieved by utilizing the normalized 
interference, namely 1*ωc, 2*ωc, 3*ωc, while keeping the amplitude of the horizontal 
displacement 1*ωc constant throughout.   It allows the results to be applied to the practical 
situations both microscopically and macroscopically. 
The mesh convergence procedure is the same as that of identical material pairs, which is 
first done in elastic normal contact, and then done in elastic-plastic fretting contact. For 
brevity, it is not shown here.  
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4.2.2 Loading Steps in Spherical Contact Model 
As shown in Fig.4-11, load steps are used to impose the oscillatory horizontal displacement 
and extract results of the intermediate state. Step 0 corresponds to the loading condition 
where the interference has been just applied while the hemisphere is about to move 
horizontally. Each cycle of the horizontal displacement is achieved by 40 loading steps. 
The maximum number of cycles of the oscillatory horizontal displacement is three, because 
of the vast computational effort (144 hours for a single case on a 4 cores 3GHz PC with a 
Xeon CPU). 
 
Figure 4-11. Loading stepping of three cycles oscillatory horizontal for plane strain 
case. 
In order to describe the location and the cycle number explicitly, the following convention 
of notation is utilized. Points (A,B,C,D) represent, respectively, δ= (0,1,0,-1)ωc, and the 
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cycle number is specified by n=1,2,3. For instance, A2 corresponds to the end of the first 
cycle, where δ=0* ωc. 
The results for dissimilar material pairs are similar to those in identical material pairs. The 
results shown in this section are used to verify the phenomena found in the identical pair 
cases. 
4.2.3 The Distribution of von-Mises Stresses 
During the oscillatory horizontal loading, the contact edges tend to experience the largest 
von-Mises stress. Figure 4-12 shows the von-Mises distribution at 1*ω_c vertical 
interference with µ=1. The large von-Mises stresses, represented by the red regions, are 
always located at the edges of the contact, and form “rings”. However, the large von-Mises 
stresses disappear on the contact surface with low COF, µ=0.3, and appear at the region 
under the surface. For brevity, the results are not shown. 
 
(a)                                     (b)                                                  (c) 
Figure 4-12. The evolution of von-Mises stresses during three cycles of horizontal 
loading at 1* ωc interference with µ=1. (a)Front view at the end of three cycles (b) 
Top view on the block at the end of the first cycle (c) Top view on the block at the 
end of the third cycle case. 
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4.2.4 The Distribution of Plastic Strains  
Figure 4-13 shows the plastic strain distribution at 1*ωc vertical interference with µ=1. 
During the fretting motion, only the block yields where the plastic strains are generated. 
As shown in Fig.4-13a, the plastic strains appear closed to the surface of contact, where 
the two edges experience the largest von-Mises stress. The plastic strains accumulate 
during the fretting cycles (Ɛpmax=0.025 after one cycle and Ɛpmax=0.038 after three 
cycles). The plastic strain is not found on the contacting surface for the above case when 
the COF drops to 0.3. 
   
             (a)                                                     (b)                                                 (c) 
Figure 4-13. The evolution of equivalent plastic strain during three cycles of 
horizontal loading at 1*ωc interference with µ=1. (a)Front view at the end of three 
cycles (b) Top view on the block at the end of the first cycle (c) Top view on the 
block at the end of the third cycle. 
4.2.5 Junction Growth 
Figure 4-14 shows the schematics of the contact region at 1*ωc with µ=1. The red color 
represents the region at the loading step A1, i.e., at the beginning of the loading. The blue 
color represents the region at the loading step A4, i.e., at the end of the three cycles of 
loading. In the figure, the contact region grows radially. However, the growth in the X 
      
 94 
direction is larger than that in the Z direction, which stretches the contact region in the X 
direction. 
 
Figure 4-14. The schematics of the contact zone at the beginning (A1) and ending of 
the three cycles (A4) of loading at 1*ωc with µ=1. 
With a sufficient large COF, the pileup appears at the edges of the contact. Figure 4-15 
shows the profile of the contacting region of the block after three cycles of horizontal 
loading while the vertical interference is still maintained at 1*ωc with μ=1.  There are 
pileups at the edges of the contact. This is due to the plasticity on the surface, introduced 
by the friction force. 
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Figure 4-15. The surface profile of the contacting region of the block at 1*ωc after 
three cycles of horizontal loading with μ=1. 
4.2.6 Conclusion 
This section presents a 2D plane strain finite element fretting model of a half cylinder in 
contact with a block. The materials of the two bodies are Inconel 617 and Incoloy 800H. 
The fretting model is displacement-controlled, where it is loaded with an interference first, 
and then a reciprocating horizontal displacement is applied to the top of the half cylinder. 
The same phenomena appear in both identical and dissimilar material cases: 
1.The largest von-Mises stress is confined under the contacting surface with small COFs, 
while with sufficiently large COFs, the largest von-Mises stress shows up at the contacting 
surfaces and is located at the edge of the contact. 
2.With sufficiently large COFs, the large plastic strains form multiple “rings” on the 
contacting surfaces after the oscillatory fretting motion. 
3.Junction growth is found when there is plastic deformation on the surface of the contact. 
The contacting region is stretched in the direction of the fretting motion. 
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4.There are depression marks on the surface of the block caused by the fretting motion. 
There are pileups at the edges of the contact with large COF. Since the magnitude of the 
oscillatory sliding distance is relatively small, 1*ωc, the pileup phenomenon is not 
pronounced. 
4.3 Scheme of Normalization 
In Chapter 3 and 4, the results are always normalized by the critical values of the 
corresponding material pairs. In this way, the normalized results may well characterize a 
range of contact scales (from micro to macro) of various ductile material pairs. The 
following results are shown to verify the effectiveness of the normalization scheme. 
4.3.1 Plane Strain Cylindrical Contact 
Figure 4-16 shows the junction growth during one cycle of horizontal displacement at 1*ωc 
interference for 20°C and 800°C with the same normalized displacement input and the 
same COF, µ=1 for Inconel 617/ Incoloy800H. The results are also compared with the 
normalized junction growth when the two bodies consist of identical steel materials. The 
evolutions of the normalized contact width for the three cases are essentially the same. 
Additionally, based on Fig.4-17, the evolutions of the normalized tangential force in the 
three conditions are also very close. The good agreement of the normalized contact widths 
and the tangential forces demonstrates the effectiveness of the normalization even though 
the critical values of the alloys (see Table 4-2) and steel (see Table 3-2) are about an order 
of magnitude different (where also CSy is much larger for steel, see Tables 3-1). That means 
that the normalized results of the fretting model for different material properties are 
effectively the same when normalized. It is suggested, therefore, that the results in this 
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work may be applied to the fretting between materials that are different from those 
investigated in the current work.  
 
Figure 4-16. The evolution of the junction growth as indicated by the normalized 
half contact width during one cycle of horizontal displacement at 1*ωc interference 
with the same normalized displacement input, μ=1. Note that bc and ωc are taken 
from Table 4-2 corresponding to 20°C or 800°C, or Table 3-2 for the steel case 
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Figure 4-17. The evolution of the normalized tangential force during one cycle of 
horizontal displacement at 1*ωc interference with the same normalized 
displacement input, μ=1. Note that bc, Pc/L, and ωc are taken from Table 4-2 
corresponding to 20°C or 800°C, or Table 3-2 for the steel case 
4.3.2 Spherical Contact 
In order to verify the normalization scheme utilized in 3D cases, the normalized results, 
including the contact area and the tangential force, for steel-on-steel and copper-on-copper 
contacts are compared in Fig.4-18 and Fig.4-19. It pointed that steel and copper have 
significantly different material properties and critical values (See Tables 3-4 and 3-5). 
Figure 4-18 depicts the evolution of the normalized contact area during three cycles of 
horizontal loading at 1*ωc
 with µ=1. Figure 4-19 depicts the evolution of the normalized 
tangential force under the same conditions as in Fig.4-18. The curves for the steel-on-steel 
and copper-on-copper contacts are very close. The good agreement demonstrates the 
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effectiveness of the normalization scheme. That means that the normalized results of the 
fretting model for different material properties are effectively the same when normalized. 
In other words, it suggests that the results of this work can be applied to the fretting between 
materials that may be different from those investigated in the current model. 
 
Figure 4-18. The evolution of the normalized contact area during three cycles of 
horizontal displacement at 1*ωc interference with the same normalized 
displacement input, μ=1. Note that Ac and ωc are taken from Table 3-5 
corresponding to steel and copper. 
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Figure 4-19. The evolution of the tangential force during three cycles of horizontal 
displacement at 1*ωc interference with the same normalized displacement input, 
μ=1. Note that Pc, and ωc are taken from Table 3-5 corresponding to steel and 
copper. 
 
4.4 Conclusion 
In this chapter, the fretting contact between dissimilar material pairs are investigated in 
both cylindrical and spherical contacts. The material pairs are set to Inconel 617/ Incoloy 
800H at 20C and 800C. The phenomena appear in identical material pair cases (Chapter3) 
are verified to also appear in dissimilar material pair cases. Besides, there are some unique 
observations between dissimilar materials. 
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For results in 2D cylindrical contact, the two contact edges tend to experience the largest 
von-Mises stress. Between Inconel 617 and Incoloy 800H, the former is “harder” or 
“stronger,” and in the current investigation it never yielded. Due to the plastic deformation 
of the surfaces, junction growth is found. The more pronounced growth on the two edges 
is in the same direction of the tangential force experienced by the surface of the deformed 
body. This conclusion agrees with the results of Brizmer et al [91] whose model is the 
contact between a deformable sphere and a rigid flat under full stick condition. The 
temperature elevation causes the increase of the plastic strain and the decrease of the 
tangential force, normal force, and the maximum von-Mises in Inconel 617. For results in 
3D spherical contact, the largest plastic strain appears at the leading and trailing edges. The 
pattern of the plastic strain distribution is not “ring-like” in identical material pair cases, 
since there is plowing effect between dissimilar material pairs. 
Additionally, the scheme of normalization is discussed. In Chapter 3 and 4, the results are 
always normalized by the critical values of the corresponding material pairs. In this way, 
the normalized results may well characterize a range of contact scales (from micro to 
macro) of various ductile material pairs. The normalized contact area and normalized 
tangential traction are compared between different material pairs (steel/steel, 
copper/copper, Inconel 617/Incoloy 800H at 20C and 800C). The excellent agreement of 
the normalized results verifies the effectiveness of the normalization scheme. 
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CHAPTER 5. FRETTING WEAR 
In this chapter, the formulation to predict fretting wear (volume removal) under frictional 
conditions for plane strain line contact and spherical circular contact are found. The 
materials in contact are set to different material pairs. Various coefficients of friction 
(COFs) and the Archard Wear Model are applied to the interface. In this chapter, the wear 
models that take place at the interface are applicable for elastic and elastic-plastic 
conditions. Wear debris that may be generated at the interface could be trapped in the 
contact; however, this is not considered here. In the current models, such wear debris are 
assumed to be expelled out of the contact. Initially, pure elastic conditions are investigated. 
The theoretical predictions for the wear volume at the end of the partial slip condition in 
unidirectional sliding contact are compared with the FEA results. After that, the theoretical 
predictions for the wear volume of a general cycle during the fretting motion is compared 
with the FEA results. Lastly, the influence of plasticity is discussed. The model and results 
for the 2D case have been published in Ref. [93]. 
5.1 Plane Strain Cylindrical Contact Model  
This is the first study to develop an empirical formulation to predict fretting wear (volume 
removal) under frictional conditions for plane–strain line contacts as borne out by the finite 
element analysis (FEA). The contact is between a deformable half-cylinder rubbing against 
a deformable flat block. The FEA is guided by detailed physical conceptions, with results 
that subsequently lead to the methodical modeling of fretting wear. The materials in contact 
are set first to steel/steel, then to Alloy617/Alloy617, and finally to copper/copper. Various 
coefficients of friction (COFs) and the Archard Wear Model are applied to the interface. 
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Initially, pure elastic conditions are investigated. The theoretical predictions for the wear 
volume at the end of the partial slip condition in unidirectional sliding contact, agree very 
well with the FEA results. The empirical formulation for the initial gross slip distance is 
constructed, again revealing results that are in good agreement with those obtained from 
the FEA for different materials and for various scales. The Timoshenko beam theory and 
the tangential loading analysis of a half-elastic space are used to approximate the deflection 
of the half-cylinder and the flat block, respectively. That theory supports well the empirical 
formulation, matching closely the corresponding FEA results. The empirical formulation 
of the wear volume for a general cycle under fretting motion is then established. Its results 
are shown to be valid for different materials and various COFs when compared with the 
FEA results. Lastly, plasticity is introduced to the model, shown to cause two phenomena, 
namely junction growth and larger tangential deformations. Wear is shown to either 
increase or decrease depending on the combined influences of these two phenomena.  
5.1.1 The Archard Wear Model 
The fretting model in this work is shown in Fig. 5-1. A simulated rigid plate is positioned 
on top of a half-cylinder that has a radius of R=0.5m, which is in contact with an R×4R 
block. The elastic modulus of that plate is set large enough (2×1010 GPa) to enforce a 
uniform downward displacement at the interface between the plate and half-cylinder during 
the fretting motion. That interface is made frictionless, as the rigid plate role is to prevent 
rotation of the half-cylinder at its upper boundary. The material of the half-cylinder and the 
flat block is first set to steel/steel, then to Alloy617/Alloy617, and finally to copper/copper. 
The material properties are listed in Table 5-1. While the Poisson ratios of the chosen 
materials are very close, the moduli of elasticity and yield strengths are quite distinct. 
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The fretting loading condition is shown in Fig.5-1. The axes of X and Y are shown where 
the origin is located at the initial contact point. For brevity, the positive and the negative 
directions of X axis are designated as “right” and “left”, respectively. The base of the flat 
block, a, is fixed in both the X and the Y directions (other B.C. will be discussed shortly). 
A normal force, P, is first applied to the top of the plate, which introduces a vertical 
interference, ω, designated as the indentation. With the normal force being kept constant, 
an oscillatory displacement in the X direction, δ, is applied to the top of the half-cylinder. 
The oscillation magnitude in each cycle is maintained constant. That fretting cycles are 
identical to those in Chapter 3, but again for brevity, the schematics are omitted here. The 
loading condition is displacement-controlled in the X direction and force-controlled in the 
Y direction. In other words, the normal load, P, and the tangential displacement, δ, are 
inputs, while the interference, ω, and tangential force, Q, are outputs. 
An Archard wear model, Eq. 5-1, is used at the contact between the half-cylinder and the 
block. The wear volume, V, is proportional to the normal force P, sliding distance, S, and 
inversely proportional to the hardness [21], H1. The hardness, H, is assumed to equal to 
2.8*Sy for each material. The dimensionless wear coefficient K, according to Archard and 
Hirst [10], is typically between 10-2 and 10-5 for metallic contacts under unlubricated 
 
1. Eq. (5-1) is used here as Archard intended, regarding hardness as a material property. 
According to the work by Jackson and Green [12], it has been shown that hardness actually 
depends not only on the yield strength but also on the deformation. For consistency with 
Archard original model, however, hardness is used here as if it were a constant material 
property. 
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conditions. Without loss of generality, K is set to 10-4 in this work2. The Archard Wear 
Model is applied locally (i.e., at each nodal point) at the contact region.  
KPS
V
H
=  (5-1) 
 
Figure 5-1. The loading condition and dimensions of the cylindrical contact model. 
 
2. A numerical value for K has to be implemented in the FEA code. However, because of 
normalization, the results are generalized for any value of K. 
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Table 5-1. The material properties and critical values for three cases [94]. 
Case Materials 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
Critical 
Interference 
ωc [µm] 
Critical Load 
per Unit 
Length 
Pc/L [MN/m] 
Critical Half 
Contact 
Width 
bc [mm] 
1 Steel 200 
911 
0.32 927 38.7 14.9 
2 Inconel 617 211 322 0.3 144 4.83 5.26 
3 Copper 130 331 0.33 328 7.90 8.30 
 
5.1.1.1 Theoretical Equations for Normal Contact 
For normal contact of elastic cylinders in plane-strain, the relations between the load per 
unit length, P/L, the half contact width, b, the maximum contact pressure, p0, and the 
pressure distribution, p(x), are given in the following, according to the Hertzian theory of 
contact [11]: 
0
2P
p
bL
=  (5-2) 
1
2
'
4PR
b
LE
 
=  
 
 (5-3) 
2
0 2
( ) 1
x
p x p
b
= −  (5-4) 
The symbol ν represents the Poisson ratio, while E’ represents the equivalent elastic 
modulus, given by: 
2 2 2
1 2
1 2
1 11 2(1 )
'E E E E
  − − −
= + =  (5-5) 
The symbols, E1 and E2, correspond to the elastic moduli of the half-cylinder and the block, 
respectively, while ν 1 and ν 2 corresponds to the Poisson ratio of the half-cylinder and the 
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block, respectively. In this work, E=E1=E2 and ν= ν1= ν2, since the material properties of 
the two bodies in contact are set to be identical, with the outcome given in Eq. 5-5. 
For the block whose depth equals to the radius of the half-cylinder, d=R=0.5m, the relation 
between the interference, ω, and the load per unit length, P/L, is derived in Appendix A, 
Eq. A-8: 
'
'
/ 2 1
2ln( )
2 / 1
P L RE
E P L


 
 
= − 
− 
 (5-6) 
According to Green [61], the ratio between the maximum contact pressure and the 
maximum von-Mises stress is defined as a parameter, C=p0/σemax. In the elastic contact 
regime, this parameter is a function of the Poisson’s ratio, C(ν)=1.164+2.975ν-2.906ν2, for 
ν>0.1938. By introducing this ratio, the critical half contact width, bc, critical load per unit 
length, Pc/L, and critical interference, ωc, at the onset of plasticity in the contact, are given 
by [95]:   
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(5-9) 
By substituting the material properties in Table 5-1 into Eq.5-7, Eq.5-8, and Eq.5-9, the 
critical values are then calculated and listed alongside. The three cases exhibit critical 
values that are nearly an order of magnitude different. The critical values in each case are 
used to normalize the foregoing results. It is also noted that the oscillation amplitudes in 
all cases are always maintained at 1*ωc, which is listed in Table 5-1. 
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5.1.1.2 Theoretical Equations for Tangential Contact  
Consider the model in Fig.5-1 under a Hertzian pressure, p(x) (Eq. 5-4), caused by a total 
normal load per unit length, P/L (Eq. 5-2). A constant friction of coefficient (COF), μ, is 
applied to the contact when sliding takes place. According to Johnson [11], when the 
tangential traction per unit length, Q/L< μ*(P/L), the interface experiences partial slip 
conditions. As shown schematically in Figure 5-2, within the contacting region (-b<x<b), 
the conditions are stick for [-c, c], and slip between [ -b, -c] U [c, b],  The symbol, c, is 
called the stick half-width. 
 
 
Figure 5-2. The distribution of tangential surface traction of the cylindrical contact 
under a tangential force, Q/L< μ(P/L). 
In the slip region, the tangential traction is q’(x)=μp(x), where p(x) is the Hertzian pressure 
given by Eq.5-4. If the q’(x) is applied to the entire contact region, [-b, b], there should be 
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another q’’(x) to achieve the stick status for [-c, c], where all the points in the stick region 
displace uniformly. The distributions of q’(x) and q’’(x) are given by Johnson [11], 
2
0 2
'( ) 1
x
q x p b x b
b
= − −    
 
(5-10) 
2
0 2
''( ) 1
c x
q x p c x c
b c
= − − −    
 
(5-11) 
Note that q(x)=q’(x) for slip region, and q(x)=q’(x)+q’’(x) for stick region3. Clearly, the 
flat block and the half-cylinder always experience the tangential traction in opposite 
directions. For instance, if the half-cylinder is forced to the “right” (i.e., the positive X 
direction), in the coordinates of this model the flat block experiences q’(x) and q’’(x), while 
the half-cylinder experiences –q’(x) and –q’’(x). 
When the tangential force per unit length reaches Q/L= μ(P/L), gross slip starts. The 
tangential force is maintained at μ(P/L) at the threshold and during gross slip. In other 
words, the contact status is slip for the entire range [–b, b], while c=0. By taking the two 
bodies as two half elastic spaces, the tangential displacement on the surface of contact for 
each body, ?̅?(𝑥), within contact is given by Johnson [11], 
2
20(1 )( ) sgn( ( ))
p
u x x q x C b x b
bE
 −
= −  + −    
 
(5-12) 
Hence, in the current coordinates, if the half-cylinder is forced to the “right”, the tangential 
displacement of the half-cylinder, ?̅?1(𝑥), and that of the block, ?̅?1(𝑥) , are, respectively: 
 
3. Note that q(x) has units of stress and is occurring at the interface. It is distinguished from 
Q/L, which is the tangential force (per unit length) applied at the top of the half-cylinder, 
see Fig.1. 
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(5-13) 
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(5-14) 
Considering the boundary condition that at the initial of gross slip, 1 2(0) (0)u u= , makes the 
two constants equal, C1=C2. The local sliding distance between the half-cylinder and the 
flat block at the initiation of the gross slip, s0(x), is then derived by 0 1 2( ) ( ) ( )s x u x u x= − . 
Using the relations, E=E1=E2 and ν= ν1= ν2, gives, 
2
20
0
2(1 )
( )
p
s x x
bE
 −
=  
 
(5-15) 
It is again emphasized that this initial gross slip equation is derived for elastic conditions. 
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5.1.2 Mesh Convergence for Cylindrical Wear Model 
Mesh convergence has been done to a displacement-controlled model in Chapter 3. 
However, since this model is force-controlled in normal direction and displacement-
controlled in tangential direction, it is prudent to verify mesh convergence under such 
conditions just as well.  
Element PLANE183 is used to mesh the model in ANSYS 17.1 (a representative of which 
is shown in Fig. 5-3). Taking the case for steel/steel for instance, there are 58103 elements 
for the entire model. The size of the refined mesh in the contact area is 8*10-4R. One 
hundred contact elements (CONTA172 and TARGE169) on each side of the contact are 
used to simulate the contact between the half-cylinder and the block. Similar mesh schemes 
are used to model the other two material cases. 
A frictionless contact condition is applied to the interface between the rigid plate and the 
half-cylinder. The contact between the half-cylinder and the flat block is set to frictionless 
or frictional to investigate different cases. In the frictional contact cases, a small amount of 
fake slip is generated in sticking area to calculate tangential traction in ANSYS 17.1, and 
it is documented by ANSYS [96]. In order to alleviate the influence of this fake slip, the 
elastic slip tolerance factor is used so as to control the fake slip to be smaller than 1% of 
the sliding distance applied to the top of the half-cylinder.  
      
 112 
 
Figure 5-3. The model in ANSYS 17.1. 
The results of the mesh convergence for material Case1 (see Table 5-1) is shown in Table 
5-2. It is first done to the pure normal elastic contact and frictionless loading. To validate 
the mesh in FEA, the results from ANSYS are compared with those obtained from 
theoretical predictions. With an input of normal force per unit length, P/L (ranges from 
0.2*Pc/L to 1*Pc/L), the half contact width, b, is calculated by Eq. 5-3, and the interference, 
ω, is calculated by Eq. 5-6. The maximum contact pressure, p0, is then derived by Eq. 5-2. 
The maximum von-Mises stress, σemax=p0/C, is consequently obtained. The theoretical 
results for Case1 are compared with those from the finite element method (ANSYS 17.1), 
as shown in Table 5-2. The percentage differences are listed under “%dif” for each of the 
parameters. Except for the difference of half contact width, b, that is 4.91% under 0.2 Pc 
due to the relative coarse mesh, all the other differences are below 3%. Table 5-3 shows 
the results for the case of P*=1, but for frictional loading with µ=0.3, for material Case 1. 
The half contact width converges to 15.2 mm after the mesh size is reduced to 0.8 mm and 
below (this is relative to the cylindrical radius of 500 mm). Note (from Table 2) that the 
theoretical value for the half contact width is 14.88 mm for frictionless contact. Clearly, 
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further refinement of the mesh is unnecessary, and thus the mesh size of 0.4 mm is mostly 
adopted. Additionally, the region of contact is safeguarded to always be confined within 
the refined mesh. Similar mesh convergence processes for the other two material cases 
have also been done with similar outcomes. The mesh, therefore, can be regarded 
established for the elastic normal contact.  
Table 5-2. Comparisons of contact parameters between theoretical predictions and 
FEA results for material Case1. The relation, σemax= p0/C, is according to Green 
[61]. 
Input  Theoretical Predictions FEA Results 
P* P/L 
[MN/m] ω [μm] b [mm] 
p0  
[GPa] σemax[GPa] ω [μm] %dif b  [mm] %dif 
p0  
[GPa] %dif σemax[GPa] %dif 
0.2 7.75 221 6.65 0.741 0.408 222 0.43 6.98 4.91 0.736 -0.72 0.410 0.56 
0.6 23.2 590 11.52 1.28 0.706 591 0.13 11.75 2.00 1.28 -0.39 0.718 1.74 
1 38.7 927 14.88 1.66 0.912 929 0.24 14.93 0.36 1.65 -0.16 0.930 2.03 
 
Table 5-3. The half contact width for different mesh sizes in the contact region for a 
normal load, P*=1, with elastic perfectly plastic model for material Case 1. 
Mesh Size in 
Contact region 
[mm] 
8 4 2 0.8 0.4 
Half Contact 
Width [mm] 
16.0 15.7 14.5 15.2 15.2 
Now, mesh convergence verification is done also for tangential loading. Under a tangential 
loading per unit length, Q/L<μ*(P/L), the contact status is partial slip. At the inception of 
gross slip, the relative slip distribution (for the situation when the half-cylinder is forced to 
the right), s0(x), is given by Eq.5-15. That theoretical result is compared with those 
obtained from FEA.  
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Figure 5-4 shows the normalized local sliding distance under P*=1 with μ=0.3 at the 
inception of the gross slip for different pairs of materials. By inputting the normal load per 
unit length, Pc/L, the maximum contact pressure, p0, and the half contact width, b, are 
obtained by Eqs. 5-2 and 5-3. With the known parameters, p0, b, E, ν and μ, the sliding 
distance, s0(x), is derived by Eq.5-15 and normalized by the critical interference, ωc. In the 
FEA model, P*=1 is first applied to the top rigid plate, and then 1*ωc sliding distance to 
the “right” is stepwise applied to the top of the half-cylinder (see the stepwise details in 
[22]). By investigating the contact status during sliding, the gross slip starts at the sliding 
distance of 0.44*ωc. The local sliding distance, s0(x), at 0.44*ωc is then obtained from 
ANSYS 17.1 as the local sliding distance at inception of the gross slip. The theoretical 
prediction agrees very well with the FEA results with a maximum difference less than 5% 
at the edges of the contact for all three cases. Note that Eq.5-15 shows symmetry with 
respect to x, and the FEA results confirm that behavior. The good agreement also exists for 
other material cases with different normal loads and different COFs, but for brevity, those 
results are omitted. With that verification, it is concluded that mesh convergence for elastic 
contacts is likewise established for tangential loading just as well. 
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Figure 5-4. The normalized sliding distance at inception of gross slip under P*=1 
with μ=0.3 for three material cases. 
Note that since there is no closed-form solution for elastic-plastic contacts under the 
combination of normal and tangential loads, the elements of the mesh are iteratively refined 
by a factor of two until there is less than one percent difference in the contact width between 
the iterations.  
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5.1.3 The initial gross slip distance 
In the model of this work, after the normal load P/L is applied, the sliding distance, δ, is 
applied uniformly to every point on the top of the half-cylinder, as shown in Fig. 5. Before 
gross slip initiates, the sliding distance, δ, equals to the addition of the deflection of the 
half-cylinder, δ1, and the tangential displacement of the stick region, δ2, while the centerline 
of the half-cylinder, OA, deforms to O’A’. The deflection of the half-cylinder, δ1, equals 
to the deflection of the centerline. The midpoint of the contact region is point, O, which is 
also the last point in stick just before gross slip starts. The tangential displacement of the 
stick region, δ2, equals to the tangential displacement of the midpoint, O, to O’, so δ2=𝑂𝑂̅̅ ̅̅ ’. 
 
Figure 5-5. The schematic of the sliding distance. 
For the frictional contact under partial slip condition, as the sliding distance, δ, increases, 
the tangential traction, Q/L increases with it. When Q/L=μ(P/L), the onset of gross slip 
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begins. The corresponding sliding distance is designated to the initial gross slip distance, 
δi. That δi varies under different P/L and different COFs. Figure 5-6 shows both the FEA 
results and theoretical predictions for the evolutions of the normalized initial gross slip 
distance, δi/ωc, with different P
* and μ for steel/steel. The inset of the figure shows the same 
results but in linear scale coordinates. The δi is shown to be proportional to P/L and μ. A 
fitting function is found to express δi analytically as: 
1.15 0.928/4.78 ( )i
P L
R
RE
 =  
 
(5-16) 
The rationale for this fit form is forthcoming (details are provided below and in the 
Appendix C). 
 
Figure 5-6. The normalized initial gross slip distance under different normalized 
normal loads with different COFs for the FEA results and fitting functions, Eq.5-16, 
for steel/steel. 
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The predicted normalized initial gross slip distance from the fitting function in Eq.5-16 is 
compared with the results from FEA, as shown in a semi-log scale of Fig.5-6. The 
normalized load is given in log scale in order to spread the data points at low P*. The results 
from the FEA and the fitted function agree well with the maximum difference of less than 
5%. Noteworthy, Figure 5-7 shows the dimensional initial gross slip distance under μ=0.3 
and different normal loads for three different pairs of material for R=0.5m, and for 
steel/steel also for three radii R=0.05m, 0.5m, and 5m. The normal load for each material 
ranges from 0.01*Pc/L to 1*Pc/L. While the three materials are vastly different in material 
properties as listed in Table1, the results from the FEA and the fitted function agree well 
with less than 5% difference even when the radii are orders of magnitude different. 
Therefore, in the foregoing Eq. 5-16 is used to predict the initial gross slip distance. 
 
Figure 5-7. The dimensional initial gross slip distance under different normal loads 
with μ=0.3 for the FEA results and fitting functions results for steel/steel (for 
R=0.05m, 0.5m and 5m), for Alloy617/Alloy617, and for Cu/Cu (for R=0.5m) 
The initial gross slip, δi, as given by Eq.5-16, seems nearly linearly proportional to μ and 
P/L. That is explained in the Appendix C with the Timoshenko beam theory and half-elastic 
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space loading analysis. The deflection of the half-cylinder, δi1, where the gross slip initiates 
is obtained in the Appendix, specifically see Eq. C-8. By nullifying the unknown but small 
moment on the tips, M0/L=0, the deflection of the half-cylinder can be estimated.  
Figure 5-8 shows the deflections of the half-cylinder at the initiation of gross slip from 
FEA and Eq. C-8 (with M0/L being neglected as discussed in the Appendix), for P
*=1 at 
three different COFs. While the results from both seem to converge for small COFs, the 
difference increases with the COFs, which cause larger tangential loads and strains. Recall 
that the strain-displacement relation in the Timoshenko beam analysis is valid for small 
strains. Consequently, that is the cause for the discrepancy. 
 
Figure 5-8. The normalized deflections of the half-cylinder at the initiation of gross 
slip from FEA and Eq. C-8 with for P*=1 at different COFs 
The tangential displacement, δi2, can be estimated by taking the block as a half elastic space 
and applying the Hertzian distributed tangential traction to the contacting region. The 
tangential displacement distribution, u(x), on the surface is derived by Eq. C-18. Figure 5-
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9 shows the u(x) from FEA and Eq. C-18 at P*=1 with μ=0.3. The results agree well on the 
“left” side of the surface with little difference at the contact center. A larger difference 
appears on the “right” side, since the boundary condition of the right side of the block is 
free, so the block does not produce sufficient resistance to horizontal deflection. The 
difference is likewise heightened by ignoring the normal load, p(x), when calculating u(x). 
Fortunately, though, the tangential displacement, δi2, is relevant only on the “left” part 
(x<0) of the surface anyhow. Therefore, the estimation in Eq. C-19 is unaffected by the 
differences shown in the behavior on the “right” side. Noteworthy, Eq. C-8 and C-19 that 
estimate δi1 and δi2, respectively, are nearly linearly proportional to μ and P/L, which 
provides the rationale for Eq. 5-16. The slight deviation from linearity is caused by the 
difference in the boundary conditions used in the FEA pitted against the half-space 
assumption used in the analytical model. 
 
Figure 5-9. The normalized tangential displacement on the surface of the block at 
P*=1 with μ=0.3 from FEA and half elastic space estimation 
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5.1.4 The wear volume at initiation of gross sliding 
As discussed in section 5.1.1.2, before gross sliding starts, the contact condition is partial 
slip and partial stick, as shown in Fig. 5-2. The local Archard Wear model is applied to the 
interface, as given by: 
( ) ( ) ( )
K
v x p x s x
H
=  
 
(5-17) 
Here, only the wear on the half cylinder is considered. The local wear volume per unit area, 
v(x), is proportional to the dimensionless wear coefficient, K, contact pressure, p(x), and 
the local sliding distance, s(x), while it is inversely proportional to the hardness, H. Clearly, 
in reality, wear happens in both the half-cylinder and the block, in which case the wear 
volume is just twice that of the case for half-cylinder alone, which is true for identical 
materials being in contact. Had the materials been different, the wear volume would be 
inversely proportional to the hardness of each material. However, only the wear volume on 
the half cylinder is reported here. Note that the evolution of the contacting profile due to 
wear is not considered here because of the low number of cycles. With greater 
computational power to simulate more cycles, the evolution can be generated. 
At the initiation of gross sliding, the local sliding distance is s(x)=s0(x), as given by Eq. 5-
15. The pressure distribution can be approximated by the Hertzian pressure, p(x), as given 
by Eq. 5-4. The total wear volume at the initiation of gross sliding, V0, can be derived by 
integrating Eq. 5-17 over the region in contact: 
22
0
0 0 0 2
2(1 )
( ) ( ) 1
b b
b b
pK K x
V p x s x dx p dx
H H b bE
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− −
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(5-18) 
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The result of the Eq. 5-18 gives the wear volume at the initiation of gross slip, giving: 
2 2 2
0
0
(1 )
4
Kp b
V
HE
 −
=  
 
(5-19) 
In order to normalize the results, the critical wear volume, Vc, is defined as: 
( / )c c c
c
K P L
V
H

=  
 
(5-20) 
Herein, the critical wear coefficient is by definition, Kc=1. 
Figure 5-10 shows the normalized wear volume at the initiation of gross slip, V0/Vc, from 
FEA and Eq. 5-19 at different normal loads and COFs for steel/steel. Since the tangential 
displacement is applied stepwise, it is hard to pinpoint numerically the initiation of gross 
slip. However, the two steps changing from partial slip to gross slip are easy to detect. 
Thus, V0 in the FEA is decided as the average volume between these two steps. As shown 
in Fig. 5-10, the results in the FEA and from Eq. 5-19 agree very well with less than 5% 
difference, which further verifies the theoretical prediction. 
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Figure 5-10. The normalized wear volume at the initiation of gross slip, V0/Vc, from 
FEA and Eq. 5-19 at different normal loads and COFs with K=10-4 for steel/steel. 
Figure 5-11 shows the wear volume at the initiation of gross slip, V0, from FEA and Eq. 5-
19 with μ=0.3 now for different material pairs. The normal load for each material ranges 
from 0.01*Pc/L to 1*Pc/L. The results for the three cases from the FEA and Eq. 5-19 are 
all in excellent agreement with less than 5% difference, which supports the viability of 
using Eq. 5-19 for different material pairs. 
 
Figure 5-11. The wear volume per unit length at the initiation of gross slip, V0/L, 
from FEA and Eq. 5-19 at different normal loads with µ=0.3 for steel/steel, 
Alloy617/Alloy617, and copper/copper.  
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5.1.5 Prediction of fretting wear volume under elastic conditions 
During the fretting motion, the amplitude of each cycle in the different cases (see Table 5-
1) is maintained at 1*ωc. Figure 5-12 shows the typical evolution of wear volume during 
one cycle of the motion from FEA results at P*=1 with different COFs for steel/steel under 
elastic conditions. The nominal sliding distance, Sn, represents the cumulative tangential 
sliding distance applied to the top surface of the half-cylinder, which is different from the 
local sliding distance at the contact region. It is also different from δ, which is the tangential 
displacement applied to the top surface of the half-cylinder. For µ=0, the wear volume 
increases linearly with respect to the nominal sliding distance, and it is a special case for 
gross slip fretting. For µ=0.3, there are two parts in each direction of sliding (the half-
cylinder changes direction at Sn
*=Sn/ωc=1, 3, etc.). At the beginning, the contact status is 
partial slip and the wear volume increases slowly. As the half-cylinder displaces further, 
gross slip starts, and the wear volume increases linearly at the same rate as that in the case 
of µ=0. For µ=1, the contact status is always partial slip with no gross slip. Thus, the wear 
volume is thus negligible compared with the other two cases. In this work, the prediction 
of the wear volume is only done for the case when gross slip condition is reached. 
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Figure 5-12. The FEA results of the evolution of normalized wear volume during 
three cycles of fretting motion at P*=1 for steel/steel in elastic contact. 
For the case with µ=0.3 as shown in Fig.5-12, the evolution of the wear volume is periodic 
after Sn
*=1. Hence, a general cycle is presented in the figure, starting where the half-
cylinder is positioned at the rightmost point, i.e., x*=1 or Sn
*=1, heading back to the 
leftmost position, i.e., x*=-1 or Sn
*=5, thus completing a general cycle. Then, the half-
cylinder changes motion returning to the rightmost position.  
The wear volume for a general cycle is thus analyzed by taking the cycle, Sn
*=1 to 5, for 
instance. At the beginning of the cycle (Sn
*=1), the half-cylinder is at the rightmost 
position, x*=1. Since the half-cylinder is forced to the right before reaching Sn
*=1, its 
centerline is pre-deflected by a tangential force acting to the right. At the beginning of the 
cycle, the half-cylinder starts to move to the left. The centerline of the half-cylinder now 
restores and deforms from the right to the left. As a result, it takes a nominal sliding 
distance 2δi (i.e., Sn=2δi) to finish the partial slip condition, with a corresponding wear 
volume that is V=2V0.  As the half-cylinder slides further to the left, gross slip starts, i.e., 
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the nominal sliding distance equals to the sliding distance in the contact region, s(x)=ΔSn. 
The normalized wear rate, i.e., the slop of the normalized wear volume in Fig. 5-12, for 
gross slip is: 
0
0*
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/ ( )
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b b
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b b
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K KP
S S P


− −
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= = =
 
 
 
 
 
(5-21) 
Here, ΔV*= ΔV / Vc, ΔSn
*= ΔSn
*/ωc.  
When the half-cylinder returns back to the right at x*=0 or Sn
*=3, the second partial slip 
starts with V=2V0. After that, another gross slip begins with the normalized wear rate given 
by Eq.5-21. The total wear volume for a general cycle during partial slip condition is thus: 
* * *
04 0.5partial iV V =   (5-22) 
The total normalized nominal sliding distance for the gross slip condition during a general 
cycle is, ΔSn
* =4(1- δi
*). Then, the total wear volume for the gross slip condition during a 
general cycle is: 
*
* * * * *
*
4(1 ) 0.5slip i i
V
V S KP
S
 

=  = − 

 
 
(5-23) 
The normalized wear volume for a general cycle of the fretting motion is then the sum of 
V*partial and V
*
slip: 
* * * * *
04 4(1 ) 0.5i iV V KP = + −   
(5-24) 
If δi
*>0.5, the partial slip condition will last for the whole cycle, which leads to a very small 
(negligible) wear volume.  
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Figure 5-13 shows the normalized wear volume for a general cycle of fretting motion under 
elastic condition with different normal loads and COFs for steel/steel. The results from 
FEA and Eq.5-24 agree very well, which further verifies the theoretical predictions. For 
the case with µ=0.5, the wear volume first increases with the normal load as predicted by 
the Archard Wear model. However, the wear volume decreases as the normal load further 
increases, because δi
* increases with P*, which then decreases V*, as shown in Eq.5-24.  
 
Figure 5-13. The wear volume for a general cycle of fretting motion at elastic 
condition for different normal loads and COFs, comparing FEA and theoretical 
predictions for steel/steel (for R=0.5m) 
Figure 5-14 shows the results of the wear volume for a general cycle of fretting motion 
under elastic condition with µ=0.3 under different normal loads, now for three different 
material cases (see Table 5-1). The results from the FEA and theory are in very good 
agreement, which further verifies the analytical predictions. 
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Figure 5-14. The wear volume per unit length for a general cycle of fretting motion 
at elastic condition with µ=0.3 under different normal loads from FEA and 
theoretical predictions for steel/steel, Alloy617/Alloy617, and copper/copper (for 
R=0.5m) 
 
5.1.6 The effect of plasticity 
In the previous section, the wear volume is considered for elastic conditions. Here, the 
elastic perfectly plastic contact model is applied. To find the influence of plasticity on the 
wear volume, two groups of loading conditions are compared. One is the loading that 
introduces plasticity, and the other is the same loading but yielding (or plasticity) is 
disabled (i.e., pure elasticity is open-endedly imposed upon the material in ANSYS 17.1, 
as it is solved in Section 5.1.3.3). The wear volumes between the elastic and plastic 
conditions are then compared in Fig. 5-15. Figure 5-15 shows the evolution of wear volume 
at P*=1 with different COFs under elastic and elasto-plastic conditions. Plasticity appears 
due to the combined effects of normal and the frictional tangential loadings. The wear 
volumes under pure elastic conditions are larger than those under elasto-plastic conditions 
in these two cases. For μ=0.3, there is larger tangential deflection in the elasto-plastic case, 
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which decreases the gross slip distance and the wear rate during gross slip. Consequently, 
the wear volume in the elasto-plastic case is smaller. For μ=0.5, the decrease of wear 
volume in the elasto-plastic condition is dominated by the junction growth effect (see 
details in [95]). Due to the large COF, higher plastic strains (deformations) are generated 
at the interface, causing an increase of the contact region, i.e., causing junction growth. 
The junction growth leads to the partial slip condition at the two limit positions during the 
fretting motion, which greatly decreases the wear volume.  
 
Figure 5-15. The evolution of normalized wear volume at elastic and plastic 
conditions with different COFs under P*=1 for steel/steel during one cycle of fretting 
motion (for R=0.5m). 
It should be noted that the wear volumes in elastic cases are not always larger than those 
in elasto-plastic cases under the same loading conditions. As shown in Fig.5-16, the wear 
volume at P*=3 with μ=0.3 is larger in elastic case first, but larger in elasto-plastic case 
after three-fourth of the cycle that keeps getting larger up to three cycles, which is the 
largest number of the cycle in the current simulation. Wear is larger in the elastic case first, 
because plasticity introduces junction growth, which decreases the sliding distance at the 
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interface with the same amount of nominal sliding distance. It is larger in the elasto-plastic 
case afterwards because the cross section, A(x), given in Eq. C-3, is getting larger in elasto-
plastic contact, which decreases the deflection. Consequently, the sliding distance at the 
interface is larger with the same amount of nominal sliding distance.  
 
Figure 5-16. The evolution of normalized wear volume at elastic and plastic 
conditions with μ=0.3 under P*=3 for steel/steel during one cycle of fretting motion. 
 
5.1.7 Conclusion 
A fretting wear model is presented in this work for a cylindrical line contact, under 2D 
plane strain conditions, for force-controlled in the normal direction and displacement-
controlled in the tangential direction. The contact is between identical material pairs. 
Friction and the Archard wear model are applied at the interface. Three different material 
pairs are examined by the model. The following are the outcomes: 
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1.The initial gross slip distance is defined and approximated with the Timoshenko beam 
theory and line loading of a half elastic space. A fitting function for the initial gross sliding 
distance is also derived. Both the theoretical approximation and the fitting function agree 
well with the FEA results. 
2. The wear volume at the initiation of the gross slip is derived. Results between the 
theoretical prediction and FEA are in good agreement. 
3. The wear volume under elastic conditions for the first cycle of the fretting motion is 
derived based on the fitting function of the initial gross sliding distance. The results are in 
good agreement between the theoretical predictions and the FEA. 
4. The effect of the plasticity is analyzed. On one hand, under small normal load plasticity 
introduces small deflections and junction growth when COFs are large. These two effects 
decrease the wear volume. On the other hand, under larger normal loads plasticity 
introduces larger cross sections, which makes the two bodies stiffer to the tangential load. 
As a result, the deflection decreases, and the wear volume increases. 
 
5.2 Spherical Contact Model 
5.2.1 The Archard Wear Model 
The model in the spherical wear model is the same as the force-controlled spherical model 
used in the Chapter 3 and 4. There is a rigid plate on top surface of the hemisphere to keep 
uniform downward displacement. The interface between the rigid plate and the hemisphere 
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is set to frictionless. The external normal load is applied on the top surface of the rigid 
plate, while the reciprocal displacement is applied on the top surface of the hemisphere.  
The material of the hemisphere and the bottom flat block is first set to the identical material 
pair: Inconel617/Inconel617, and then set to the dissimilar material pair: 
Inconel617/Incoloy800H. The material properties are listed in Table 5-4. 
 
Figure 5-17. Schematic of a ¼ sphere in contact with a flat block for force-controlled 
steel/steel model. 
 
Table 5-4. The material properties and critical values for two cases [94]. 
Temperature Material 
Elastic 
Modulus[GPa]  
E 
Yielding 
Strength[MPa]  
Sy 
Poisson 
Ratio 
ν 
C(ν) 
C ∙ Sy 
[MPa] 
20°C Inconel 617 211.0 322 0.3 1.615 520 
20°C Incoloy 800H 196.5 150 0.339 1.662 249 
Same as the plane strain cylindrical contact case, an Archard wear model, Eq. 5-24, is used 
at the contact between the hemisphere and the bottom block. The wear volume, V, is 
proportional to the normal force P, sliding distance, S, and inversely proportional to the 
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hardness [21]. The hardness, H, is assumed to equal to 2.8*Sy for each material. The 
dimensionless wear coefficient K is set to 10-4. The Archard Wear Model is applied locally 
(i.e., at each nodal point) at the contact region.  
KPS
V
H
=  (5-24) 
5.2.1.1 Theoretical Equations for Normal Contact  
As derived in Chapter 3, in the regime of static elastic normal contact, the Hertzian theory 
gives the solution to the 3D spherical contact [11]. The relations between the normal load, 
P, the contact radius, a, the maximum contact pressure, p0, the interference, ω, and the 
pressure distribution, p(r), are given in the following 
1
3
'
3
4
PR
a
E
 
=  
 
 (5-25) 
0 2
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=  (5-26) 
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
 =  (5-27) 
12
2
0 2
( ) (1 )
r
p r p
a
= −  (5-28) 
  
E’ is the equivalent elastic modulus: 
2 2
1 2
'
1 2
1 11
E E E
 − −
= +  (5-29) 
According to Green [61], the ratio between the maximum pressure and the maximum von 
Mises stress in normal elastic contact is defined by max( ) /o eC p  −= , where                       
C(𝑣 )=1.30075+0.87825 𝑣 +0.54373 𝑣 2 . The critical contact radius, ac, the critical load, 
Pc, the critical interference, ωc, and the critical elastic strain energy are derive in [61], 
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By substituting the material properties of Table 5-5 in Eq.5-30, Eq.5-31, and Eq.5-32, the 
said critical parameters are obtained, and are listed in Table 5-5. The critical contact area 
is calculated based on ac, Ac=π ac
2. These critical values are subsequently used to normalize 
(i.e., generalize) results within this work.  
Table 5-5. The critical values (onset of plasticity) for different material schemes and 
different temperatures. 
Temperature 
Cylinder 
Material 
Block 
Material 
Critical 
Interference 
ωc [µm] 
Critical 
Load 
Pc[kN] 
Critical Contact 
Radius 
ac [mm] 
Critical Contact 
Area 
Ac[mm2] 
20°C Inconel 617 Inconel 617 24.8 13.472 3.52 38.9 
20°C Inconel 617 Inconel 800H 5.96 1.556 1.73 9.36 
 
 
5.2.1.2 Theoretical Equations for Tangential Contact  
Consider the model in Fig.5-17 under a Hertzian pressure, p(r) (Eq. 5-28), caused by a total 
normal load, P (Eq. 5-26). A constant friction of coefficient (COF), μ, is applied to the 
contact when sliding takes place. According to Johnson [11], when the tangential traction, 
Q< μ*P, the interface experiences partial slip conditions. As shown schematically in Figure 
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5-18, within the contacting region (-a<x<a), the conditions are stick for [-c, c], and slip 
between [-a, -c] U [c, a]. The symbol, c, is called the stick half-width. 
 
 
Figure 5-18. The distribution of tangential surface traction of the spherical contact 
under a tangential force, Q< μP. 
In the slip region, the tangential traction is q’(r)=μp(r), where p(r) is the Hertzian pressure 
given by Eq.5-28. If the q’(r) is applied to the entire contact region, [-c, c], there should be 
another q’’(r) to achieve the stick status for [-c, c], where all the points in the stick region 
displace uniformly. The distributions of q’(r) and q’’(r) are given by Johnson [11], 
12
2
0 2
'( ) (1 )
r
q r p r a
a
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(5-33) 
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''( ) (1 )
c r
q r p r c
a c
= − −   
 
(5-34) 
Note that q(r)=q’(r) for slip region, and q(r)=q’(r)+q’’(r) for stick region. Clearly, the 
bottom block and the hemisphere always experience the tangential traction in opposite 
directions. For instance, if the half-cylinder is forced to the “right” (i.e., the positive X 
direction), in the coordinates of this model the flat block experiences q’(r) and q’’(r), while 
the half-cylinder experiences –q’(r) and –q’’(r). 
When the tangential force per unit length reaches Q= μP, gross slip starts. In other words, 
the contact status is slip for the entire range [–a, a], while c=0. The tangential force is 
maintained at μP at the threshold and during gross slip. By taking the two bodies as two 
half elastic spaces, the tangential displacement in the X direction on the surface of contact 
for each body, ?̅?𝑥(𝑥, 𝑦), within contact is given by Johnson [11], 
2 2 20 {4(2 ) (4 ) (4 3 ) } ( ( , ))
32
x
p
u a x y sgn q x y
Ga

  = − + − + −  
 
(5-35) 
Where G is the shear modulus of the material, which can be obtained by: 
2(1 )
E
G

=
+
 
 
(5-36) 
Hence, in the current coordinates, if the hemisphere is forced to the “right”, the tangential 
displacement of the hemisphere, ?̅?𝑥1(𝑥), and that of the block, ?̅?𝑥2(𝑥) , are, respectively: 
2 2 20
1 1 1 1
1
{4(2 ) (4 ) (4 3 ) }
32
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(5-37) 
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(5-38) 
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Here, ?̅?𝑥1(0,0)  represents the sliding distance of the last stick point relative to the 
hemisphere bulk body, while ?̅?𝑥2(0,0) represents the sliding distance of the last stick point 
relative to the bottom block bulk body. The local relative sliding distance between the 
hemisphere and the flat block at the initiation of the gross slip, s0(x,y), is then derived by
0 1 1 2 2( , ) ( (0,0) ( , )) ( ( , ) (0,0))x x x xs x y u u x y u x y u= − + − .  
2 2 2 20 0
0 1 1 2 2
1 2
( , ) {(4 ) (4 3 ) } {(4 ) (4 3 ) }
32 32
p p
s x y x y x y
G a G a
 
   = − + − + − + −  
 
(5-39) 
For identical material pairs, using the relations, E=E1=E2 and ν= ν1= ν2, gives, 
2 20
0 ( , ) {(4 ) (4 3 ) }
16
p
s x y x y
Ga

 = − + −  
 
(5-40) 
It is again emphasized that this initial gross slip equation is derived for elastic conditions. 
The mesh convergence procedure of this model in the normal direction Hertzian contact is 
the same as that in the Chapter 3. The tangential direction mesh convergence can be verified 
by the comparisons between results from theoretical equations derived in Section 5.2.2 and 
its corresponding FEA values. For brevity, the mesh convergence procedure for this model 
is not shown here. 
5.2.2 The initial gross slip distance 
In the model of this work, after the normal load P is applied, the sliding distance, δ, is 
applied uniformly to every point on the top of the hemisphere, as shown in Fig. 5-19. 
Before gross slip initiates, the sliding distance, δ, equals to the addition of tangential 
displacement of the stick region on the hemisphere, δ1, and the tangential displacement of 
the stick region on the bottom block, δ2, while the centerline of the hemisphere, OA, 
deforms to O’A’. The midpoint of the contact region is point, O, which is also the last point 
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in stick just before gross slip starts. The tangential displacement of the stick region, δ2, 
equals to the tangential displacement of the midpoint, O, to O’, so δ2=𝑂𝑂̅̅ ̅̅ ’. 
 
Figure 5-19. The schematic of the sliding distance for the front view of the model. 
For the frictional contact under partial slip condition, as the sliding distance, δ, increases, 
the tangential traction, Q increases with it. When Q=μP, the onset of gross slip begins. The 
corresponding sliding distance is designated to the initial gross slip distance, δi. That δi 
varies under different P/L and different COFs. By taking the two bodies as two elastic 
space, the tangential displacement of the midpoint can be obtained by Equation 5-35 that: 
20
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By adding δi1 and δi2 and substituting Eq. 5-26, the initial gross slip distance can be derived 
as: 
1 1 2 2
1 2
(2 )(1 ) (2 )(1 )3
{ }
8
i
P
a E E
   

− + − +
= +  
 
(5-41) 
For identical material pairs, the equation can be further simplified as: 
3(2 )(1 )
4
i
P
Ea
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
− +
=  
 
(5-42) 
Figure 5-20 shows the dimensional initial gross slip distance under different normal loads 
with μ=0.1, 0.3, 0.5 for Inconel 617/Inconel 617. The normal load ranges from 0.01*Pc/L 
to 1*Pc/L. The results from the FEA and Eq.7 agree well with less than 5% difference. 
 
Figure 5-20.  The dimensionless initial gross slip distance under different normal 
loads with μ=0.1, 0.3 and 0.5 for the FEA results and Eq.5-42 results for Inconel 
617/Inconel 617  
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5.2.3 The wear volume at initiation of gross sliding 
As discussed in section 5.2.2.1, before gross sliding starts, the contact condition is partial 
slip and partial stick, as shown in Fig. 5-2. The local Archard Wear model is applied to the 
interface, as given by: 
( , ) ( , ) ( , )x
K
v x y p x y s x y
H
=  
 
(5-43) 
Here, only the wear on the hemisphere is considered. The local wear volume per unit area, 
v(x,y), is proportional to the dimensionless wear coefficient, K, contact pressure, p(x,y), 
and the local sliding distance, s(x,y), while it is inversely proportional to the hardness, H. 
Clearly, wear happens in both the half-cylinder and the block, in which case the wear 
volume is just twice that of the case for half-cylinder alone. This is true for identical 
materials in contact. Had the materials been different, the wear volume would be inversely 
proportional to the hardness. Note that the evolution of the contacting profile due to wear 
is not considered here. 
At the initiation of gross sliding, the local sliding distance in the X direction is 
sx(x,y)=s0(x,y), as given by Eq. 5-39. The pressure distribution can be approximated by the 
Hertzian pressure, p(x), as given by Eq. 5-28. The total wear volume at the initiation of 
gross sliding, V0, can be derived by integrating Eq. 5-43 over the region in contact: 
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(5-44) 
For identical material pair, the wear volume at the initiation of gross slip can be found as: 
2 2 3
0
0
(2 )
30
K p a
V
HG
  −
=  
 
(5-45) 
In order to normalize the results, the critical wear volume, Vc, is defined as: 
c c c
c
K P
V
H

=  
 
(5-46) 
 
Herein, the critical wear coefficient is by definition, Kc=1. 
Figure 5-21 shows the wear volume at the initiation of gross slip, V0, from FEA and Eq. 8 
with μ=0.3 now for different material pairs. The normal load for each material ranges from 
0.01*Pc/L to 1*Pc/L. The results for the three cases from the FEA and Eq. 5 are all in 
excellent agreement with less than 5% difference, which supports the viability of using Eq. 
5 for different material pairs. 
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Figure 5-21.  The normalized wear volume at the initiation of gross slip, V0, from 
FEA and Eq.5-45 at different normal loads with µ=0.1, 0.3 and 0.5 for Inconel 
617/Inconel 617.  
 
5.2.4 Prediction of fretting wear volume under elastic conditions 
In the spherical contact case, the total wear volume for a general cycle during partial slip 
condition is the same as that in the 2D case: 
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04 0.5partial iV V =   (5-47) 
The total normalized nominal sliding distance for the gross slip condition during a general 
cycle is, ΔSn
* =4(1- δi
*). Then, the total wear volume for the gross slip condition during a 
general cycle is: 
-2.E-07
0.E+00
2.E-07
4.E-07
6.E-07
8.E-07
1.E-06
1.E-06
1.E-06
2.E-06
0 0.2 0.4 0.6 0.8 1 1.2
N
o
rm
al
iz
e
d
 W
e
ar
 V
o
lu
m
e
 a
t 
th
e
 In
it
ia
ti
o
n
 o
f 
G
ro
ss
 S
lip
V
0
/V
c
Normalized Normal Load
P/Pc
μ=0.5 Theoretical Eq.5-45 μ=0.5 FEA
μ=0.3 Theoretical Eq.5-45 μ=0.3 FEA
μ=0.1 Theoretical Eq.5-45 μ=0.1 FEA
      
 143 
*
* * * * *
*
4(1 ) 0.5slip i i
V
V S KP
S
 

=  = − 

 
 
(5-48) 
The normalized wear volume for a general cycle of the fretting motion is then the sum of 
V*partial and V
*
slip: 
* * * * *
04 4(1 ) 0.5i iV V KP = + −   
(5-49) 
If δi
*>0.5, the partial slip condition will last for the whole cycle, which leads to a very small 
(negligible) wear volume.  
Figure 24 shows the results of the wear volume for one cycle of fretting motion under 
elastic condition with µ=0.1, 0.3 and 0.5 under different normal loads for Inconel 
617/Ally617. The results from the FEA and theory are in very good agreement, which 
verifies the analytical predictions. The difference is relatively large with large COF, which 
is due to the beam deformation effect. When the COF is large, the friction force is large, 
which causes the deformation of the hemisphere and block as two beams. As a result, the 
deformation decreases the actual sliding distance at the interface. 
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Figure 5-22.  The normalized wear volume for a general cycle of fretting motion at 
elastic condition with µ=0.1, 0.3, and 0.5 under different normal loads from FEA 
and theoretical predictions (Eq.5-49) for Inconel 617/Inconel 617. 
5.2.5 The effect of plasticity 
In the previous section, the wear volume is considered for elastic conditions. Here, the 
elastic perfectly plastic contact model is applied. To find the influence of plasticity on the 
wear volume, two groups of loading conditions are compared. One is the loading that 
introduces plasticity, and the other is the same loading but yielding (or plasticity) is 
disabled (i.e., pure elasticity is open-endedly imposed upon the material in ANSYS 17.1, 
as it is solved in Section 2.3). The wear volumes between the elastic and plastic conditions 
are then compared. 
Figure 25 shows the wear volume of one general cycle of fretting motion at elastic and 
plastic conditions with µ=0.3 under different normal loads for dissimilar material pair 
Inconel 617/Incoloy 800H. The elastic prediction agrees well with the FEA results under 
elastic condition, while the results under plastic condition is larger than the results in elastic 
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condition. The increase of the wear volume under plastic condition is due to junction grow 
effect, which increases the contact area. However, the results between elastic condition and 
plastic condition are still close to each other. 
 
Figure 5-23.  The wear volume for a general cycle of fretting motion at elastic and 
plastic conditions with µ=0.3 under different normal loads from FEA and 
theoretical elastic predictions (Eq.5-49) for Inconel 617/Incoloy 800H. 
5.2.6 Conclusion 
In 3D fretting wear model under elastic conditions, the initial gross slip distance, wear 
volume at the initiation of the gross slip, and wear volume for the one cycle of the fretting 
motion, are derived. The results are in very good agreement between the theoretical 
predictions and the FEA. The effect of the plasticity is analyzed. The plasticity introduces 
junction growth, which increases the wear volume. However, the wear volume between 
elastic prediction and plastic FEA results are still close. 
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5.3 Conclusion 
In this chapter, the fretting wear model is built in both plane strain cylindrical contact and 
spherical contact. An Archard wear model is applied at the interface. The contact is only 
done for identical material pairs in 2D case, since there is an empirical fitting function for 
initial gross slip distance, which varies for dissimilar material pairs. However, in 3D case, 
all the equations are derived in analytical solutions. Thus, the spherical contacts are 
simulated between both identical and dissimilar material pairs. 
In 2D fretting model under elastic condition, the initial gross slip distance, wear volume at 
the initiation of the gross slip, and wear volume for the one cycle of the fretting motion are 
derived. The results are in very good agreement between the theoretical predictions and the 
FEA. The effect of plasticity is double edged. On one hand, under small normal load, 
plasticity introduces small deflections and junction growth when COFs are large. These 
two effects decrease the wear volume. On the other hand, under larger normal loads 
plasticity introduces larger cross sections, which makes the two bodies stiffer to the 
tangential load. As a result, the deflection decreases, and the wear volume increases. 
In 3D fretting wear model under elastic conditions, the initial gross slip distance, wear 
volume at the initiation of the gross slip, and wear volume for the one cycle of the fretting 
motion are derived. The results are in very good agreement between the theoretical 
predictions and the FEA. The effect of the plasticity is analyzed. The plasticity introduces 
junction growth, which increases the wear volume. However, the wear volume between 
elastic prediction and plastic FEA results are still close. 
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CHAPTER 6. MITIGATION SCHEME 
To mitigate the damage during the fretting motion, two main properties are focused on: 
plastic strain and wear volume. The plastic strain represents the plastic deformation in the 
bulk material, which will decrease the life of the component. The wear volume represents 
the damage at the interface, which will also decrease the life of the component.  
6.1 Pre-stress Scheme 
As shown in Fig.6-1, in cylindrical contact, before the fretting input (P and δ), the 
prestressed displacement inputs S1 and S2 are applied to two side faces of the bottom block. 
In this way, the block experiences normal stress in x direction before the fretting load, 
which, according to definition of von-Mises stress, elevates the hydrostatic situation during 
the fretting load. 
 
Figure 6-1.  The 2D Pre-stress Scheme. 
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Figure 6-2 shows the distribution of plastic strain at 2Pc normal load with different prestress 
inputs of S1 and S2 with μ=0.3 after three cycle of fretting motion. As the prestress input 
increases from 0 to 6ωc, the plastic strain in the bulk material decreases and then increases. 
The plastic strain in the bulk material is largest at the centerline when s1 is small. Thus, the 
prestress effect elevates the hydrostatic situation, which decreases the plastic strain (Fig.6-
2b and Fig.6-2c). There are two reasons for that behavior. Firstly, there is σz, which elevates 
the hydrostatic situation (see Eq. B-1), thus reducing the von-Mises stress. Secondly, the 
negative σx opposes the natural tendency of creating a positive σx in the fretting sliding 
motion, which also reduces the von-Mises stress during sliding. With smaller von-Mises 
stresses, the corresponding plastic strain is smaller. The compressive pre-stress is 
envisioned to also suppress any crack initiation and/or growth at the two edges of the 
fretting contact. However, when s1 increases, the combined effect of shear stress at the two 
contact edges and the preloaded stress in x direction starts to dominate in the contribution 
of plastic strain. Thus, in order to reduce the plastic strain in the bulk material, the prestress 
input cannot be too small or too large.  
Moreover, the application of the prestress aggravates the damage at the interface. As shown 
in Fig.6-2, the maximum plastic strain always appears at the interface, and it is shown that 
the maximum plastic strain increases with the prestress input. Since the plastic strain at the 
interface is a combined effect of frictional shear stress and normal stress, the preloaded 
stress in the x direction aggravates the shear effect, which increases von Mises stress at the 
interface.   
      
 149 
  
(a) S1= S2=0 𝜀𝑝𝑚𝑎𝑥 =0.0018  (b) S1= S2=2ωc 𝜀𝑝𝑚𝑎𝑥 =0.0037 
  
(c) S1= S2=4ωc  𝜀𝑝𝑚𝑎𝑥 =0.008             (d) S1= S2=6ωc 𝜀𝑝𝑚𝑎𝑥 =0.015 
Figure 6-2. The distribution of plastic strain at 2Pc normal load with different 
prestress inputs of S1 and S2 with μ=0.3 after three cycles of fretting motion. 
Similar to the 2D case, in the 3D case, the effect of prestress scheme can also be achieved. 
In the 3D case, the prestresses can be loaded both in the x (left and right) and z (front and 
back) directions. As shown in Fig.6-3, S1 and S2 are inputs in the x direction, while S3 is in 
z direction. It should be noted that the front face is kept at z=0 to maintain symmetric 
condition with respect to X-Y plane. 
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Figure 6-3.  The 3D Pre-stress Scheme in X and Z directions. 
Figure 6-4 shows the distribution of plastic strain at 1.5Pc normal load with different 
prestress inputs of S1, S2, and S3, with μ=0.3 after three cycles of fretting motion. For the 
cases with only prestress in x direction (S3=0), the plastic strain in the bulk material 
decreases at the centerline when S1 and S2 are small (Fig.6-4b), and the plastic strain near 
the contact edges starts to increase when S1 and S2 are large (Fig.6-4c). The application of 
the prestress in both x and z direction further decreases the plastic strain in the bulk material 
as shown in Fig.6-4d. However, the plastic strain at the interface in any case with the 
prestress scheme is larger than that without prestress scheme, which is indicated by the 
maximum plastic strain.  
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(a) S1= S2=0 𝜀𝑝𝑚𝑎𝑥 =0.0002    (b) S1= S2=1 ωc 𝜀𝑝𝑚𝑎𝑥 =0.004 
   
(b) S1= S2=1.2 ωc   𝜀𝑝𝑚𝑎𝑥 =0.00192     (b) S1= S2=1ωc     S3=2ωc    𝜀𝑝𝑚𝑎𝑥 =0.003 
Figure 6-4.  The distribution of plastic strain at 1.5Pc normal load with different 
prestress inputs of S1, S2, S3, and S4, with μ=0.3 after three cycles of fretting motion. 
 
6.2 Wear Volume Mitigation Scheme 
In the actual working condition, the normal load can be designed to avoid excessive (or 
maximum) wear. Suppose that for a certain material pair, the COF is predetermined. As a 
result, Eq.5-24 (2D) and Eq.5-49 (3D), as derived in this work, can help to determine the 
worst normal load which would result in the largest wear volume. 
As shown in Fig.6-5 and Fig.6-6, the wear volume increases with the normal load first but 
then it decreases. When the normal load is small, the portion of gross slip is relatively large 
during the entire range of oscillation. Thus, according to the Archard wear law that the 
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wear volume is proportional to the normal load, the wear volume for one general cycle 
increases. When the normal load is large, the portion of stick and partial slip is relatively 
large during the entire oscillation. Thus, according to the Archard wear law that the wear 
volume is proportional to the sliding distance, the wear volume for one general cycle 
decreases.  
 
Figure 6-5.  Wear volume of one general cycle in 2D cylindrical contact under 
different normal load with μ=0.5 and 1ωc fretting magnitude. 
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Figure 6-6.  Wear volume of one general cycle in 3D spherical contact under 
different normal load with μ=0.3 and 1ωc fretting magnitude. 
Based on the observation above, the analytical way to obtain the worst normal load, Pw 
(i.e., the load that causes maximum wear), is to solve the equation dV/dP=0 for Pw. For the 
3D case, the dimensionless expression of the wear volume is derived in Eq. 5-49. By taking 
the derivative of the dimensional expression, the worst normal load, Pw is obtained: 
 
 
 
(6-1) 
where E1 and E2 are elastic moduli, ν1 and ν2 are Poisson ratios, μ is COF, R is the 
equivalent contact radius, and S is the oscillatory sliding magnitude. For similar material 
pair cases, the Pw can be further simplified to: 
 
(6-2) 
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For the 2D case, the dimensionless expression of the wear volume is derived in Eq. 5-24. 
The worst normal load, Pw, is obtained in a similar manner as above. However, a closed 
form is not feasible. Hence, Pw can be obtained by solving numerically this equation 
instead. 
 
(6-3) 
To verify Eqs. 6-1 to 6-3, the worst normal loads, Pw, that are derived analytically are 
compared with those obtained numerically for the 2D and 3D cases, Eq.5-24 and Eq. 5-49. 
The comparison is given in Table 6-1. For instance, in the 3D dissimilar case, the analytical 
expression for Pw is derived in Eq. 6-1, while the dimensional expression of wear volume 
is derived by Eq. 5-49. In Eq. 5-49 the expression, V(P), is a function of normal load. 
Numerically, we find the peak of the wear volume and its location, and hence the worst 
normal load is obtained. These two Pw numerical values are both 0.0044713 MN. Thus, the 
analytical expression of Pw is verified. Accordingly based on the results in Table 6-1, Eqs. 
6-1, 6-2, and 6-3 are verified.  
Table 6-1. The worst normal load Pw table from Eq. 6-1 to Eq. 6-3 and numerically 
solving dimensional expression of Eq. 5-24 and Eq. 5-49. 
 
2D  
(Eq.6-3 and Eq. 5-24) 
3D Dissimilar  
(Eq.6-1 and Eq. 5-49) 
3D Similar 
(Eq.6-2 and Eq. 5-49) 
Analytical 
Pw [MN] 
48.446 0.0044713 0.20722 
Numerical 
Pw [MN] 
48.445 0.0044713 0.20722 
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In summary, once the inputs of material properties (E, ν, and μ) and fretting magnitude, S, 
are determined, Pw can be obtained by Eq. 6-1, Eq. 6-2, or Eq.6-3. From a design point of 
view, the normal load, P, should be considerably different than Pw, either being much 
smaller or much larger than the Pw. 
6.3 Conclusion 
Two mitigation schemes are proposed, prestress scheme and wear volume mitigation 
scheme. In the prestress scheme, the plastic strain in the bulk material in reduced at 
appropriate prestress input, and the prestress in both x and z directions can further reduce 
the plastic strain in 3D case. There are two reasons for that behavior. Firstly, there is σz, 
which elevates the hydrostatic situation, thus reducing the von-Mises stress. Secondly, the 
negative σx opposes the natural tendency of creating a positive σx in the fretting sliding 
motion, which also reduces the von-Mises stress during sliding. With smaller von-Mises 
stresses, the corresponding plastic strain is smaller. The compressive pre-stress is 
envisioned to also suppress any crack initiation and/or growth at the two edges of the 
fretting contact. However, the prestress condition aggravates the plastic strain at the 
interface both in 2D and 3D cases. For engineering purposes, pre-compressed conditions 
may be achieved locally at the contact also by shot peening. In the wear volume mitigation 
scheme, the worst normal load can be solved numerically based on Eq. 6-1, Eq. 6-2, or 
Eq.6-3. From a designer’s point of view, the normal load should be either much less or 
much larger than the Pw. 
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CHAPTER 7. SPHERICAL ADHESION FRETTING MODEL 
The model in this chapter is developed to investigate the adhesion effects between a 
deformable hemisphere and a rigid flat surface under fretting conditions. The material for 
the deformable body is gold (that is commonly used in electrical contacts). The adhesion 
effect is considered to generate force and traction in the normal and tangential directions. 
The normal direction adhesion is based on the classic JKR model, while the tangential 
resistant traction is generated by applying tuned bilinear elastic springs (defined later) at 
the interface. An effective “friction” emerges via a hysteretic loop as generated by the 
adhesion effect combined with an oscillatory tangential loading. The model is robust and 
insensitive to the mesh settings in the FEA. The results include the distribution of von-
Mises stress, plastic strains, and the tangential traction. Only pure adhesion effects are 
applicable at the interface where no other contrived conditions (e.g., “sticking,” or a 
“coefficient of friction”) are ever artificially imposed. Also, the emphasis here is on 
building the model and methodology. While results are indeed presented for a specific 
material and an application (electric contact), because of the extreme simulation run times, 
an exhaustive parametric study is not undertaken (that may be left for a future study). Also, 
wear is currently excluded (but aspects of such modeling can be found in chapter 5 and 
also in [93] ). 
7.1 The Adhesion Model 
As shown in Fig. 7-1, the fretting arrangement in this work is for a non-conforming contact 
between a hemisphere and a rigid flat block. The coordinate system X-Y-Z is shown in 
Fig.7-1, where the origin is located at the center contact point at the bottom of the 
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hemisphere. The mechanical model is symmetric with respect to the X-Y plane. Hence, to 
reduce the computational effort, the model is simplified to a quarter sphere pressed against 
a rigid flat block. Adhesion has effects in both the normal and tangential directions. The 
Tabor parameter [73] is calculated based on the parameters shown in Table 7-1, 
μT=[(16Rγ
2)/(9E’2z0
3)]1/3=31. The Tabor parameter is much larger than 1, which indicates 
the contact condition is more suitable for JKR model rather than the DMT model.  Thus, 
in the normal direction, adhesion is based on the JKR model [71]. In the tangential 
direction, the resistance traction is based on the maximum shear stress theory and the 
surface free energy. The interface between the hemisphere and the rigid bottom block is 
set to be frictionless. However, due to the presence of the adhesion effect in tangential 
direction, tangential traction is generated during the transverse fretting motions.  
The loading condition is force-controlled in the Y direction, and displacement-controlled 
in the X direction. In order to keep a uniform vertical displacement at the top surface of the 
hemisphere constant, a rigid flat plate is added there. The interface between the top rigid 
flat plate and the hemisphere is likewise frictionless. An external force, F, is applied at the 
top surface of the rigid plate. While keeping this external force fixed, a reciprocal 
horizontal displacement, δ, is applied to the top surface of the hemisphere to simulate the 
fretting motion.  
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Figure 7-1.  Fretting model built in ANSYS 17.1 
A reciprocal horizontal displacement, δ, is applied by discrete loading steps at the top of 
the deformable hemisphere, with a behavior shown in Fig. 7-2. It takes 40 steps to finish 
one cycle of the fretting motion. The amplitude of the motion is either 15 or 20 nm. The 
top surface of the hemisphere starts from the state as shown in Fig.7-1, which is designated 
as position “A” in Fig.7-2. Next, the hemisphere is forced to displace to the furthest position 
in the positive direction of the X-axis, which is recorded as position “B”. Then the 
hemisphere turns back to the original position, and that is recorded as position “C”. As it 
moves further backwards, the hemisphere reaches the furthest point in the negative position 
of X-axis, which is recorded as position “D”. Finally, the hemisphere turns back to the 
original position, which previously was designated as point “A.” That is the start of the 
next fretting cycle. So, A1 indicates the beginning of the first cycle, while A2 indicates the 
beginning of the second cycle, etc.  
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Figure 7-2.  Loading steps on the top surface of hemisphere for cycle of fretting 
motion 
According to the JKR model (see [71]) , the external force, F, is related to the other 
parameters by: 
3
34 ' 8 '
3
E a
F a E
R
 = −   
(7-1) 
The parameters a and R represent the contact and the hemisphere radii, respectively. The 
adhesion energy, Δγ, equals to two times of the surface free energy, Δγ=2γ. The equivalent 
elastic modulus, E’, is expressed by: 
2 2
1 2
'
1 2
1 11
E E E
 − −
= +
 
(7-2) 
where E1 and E2 represent the elastic moduli of the two contacting bodies, and ν1 and ν2 
represent their Poisson ratios. When the surface free energy is of no practical significance, 
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setting Δγ=0 in Eq. 7-1 reveals the classical Hertzian solution for a forced normal contact 
between a hemisphere and a flat. The explicit expression of the contact radius, a, is derived 
from Eq.7-1 to be: 
1
2 3
3
[ ( 3 6 (3 ) )]
4 '
R
a F R RF R
E
  = +  +  +   
(7-3) 
The pressure distribution at the interface is also given by Johnson et al. [71]:  
1 12 2
2 2
2 2
2 ' 2 '
( ) (1 ) (1 )Hertzian adhesion
aE r E r
p r p p
R a a a
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−
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(7-4a) 
where specifically,  
12
2
2
2 '
(1 )adhesion
E r
p
a a


−
= − −  
(7-4b) 
The pressure, p(r), consists of a positive Hertzian pressure and a negative adhesion 
pressure. The positive Hertzian pressure is caused by the elastic deformation of the 
interface, while the negative adhesion pressure is caused by the adhesion effect in the 
normal direction.   
To include the JKR model in the current finite element model, padhesion is added in the 
normal direction nodal-wise. As shown in Fig.7-3a, a local adhesion force is applied to 
each node at the bottom surface of the sphere. At a certain input of the external force, F, 
the contact radius, a, is calculated by Equation 7-3. For each node, i, having the coordinates 
(xi, yi), the local radius is ri= (xi
2+ yi
2)1/2. By applying the local radius of the node, ri, the 
contact radius, a, the material properties, and the geometrical parameters, the negative local 
adhesion pressure is calculated by Eq.7-4b. Thus, the local adhesion force in the normal 
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direction can be calculated by the product of local adhesion pressure and the area of the 
mesh element, ΔA. 
     
(a) Normal and tangential adhesion effects                   (b) A bilinear tangential spring 
Figure 7-3.  Adhesion effects applied at the bottom surface of the sphere. 
The effect of tangential resistance can be achieved by applying bilinear springs in the X-
direction. As shown in Fig.7-3b, the bilinear spring behaves as a linear spring within the 
elongation limitation (-lc, lc), but exerts zero force outside of that range. Principally, the 
spring “breaks” or “snaps-back” at the limits of |lc|. Therefore, in the model, for each mesh 
element at the bottom surface of the hemisphere, an interfacial tangential spring is attached. 
Only elements that are at the contacting interface shall contain bilinear springs; one spring 
end is linked to a node on the hemisphere, while the other end is linked to an inertial point, 
i.e., at bottom rigid plate. One spring represents one tangential resisting element. The 
deactivation of the tangential resistant element is achieved by the “breakage” of the spring 
(where its internal force “snaps” to zero). The definition of the surface free energy is the 
energy that is required to create one surface per unit area[97]. Thus, the elastic energy 
stored in the spring when the spring breaks is equal to the product of the adhesion energy, 
Δγ=2γ (where two new surfaces are created), and the area of the contact element,  
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2
ckl A =    
(7-5) 
The parameter, k, represents the tuned spring stiffness, and the parameter, lc, indicates the 
corresponding limitation of the elongation at breakage, see Fig.7-3b. The spring “breaks” 
when the elongation exceeds lc, at which instant a surface is created by the energy released 
from the spring. Additionally, the tangential stress of that local element when each spring 
breaks equals to the shear strength of the material, Ssy. The tangential force is then: 
c sykl S A=   
(7-6) 
where based on the Tresca failure criterion, Ssy=Sy/2, and Sy is the yield strength of the 
material (in the current case, it is that of gold).  
By combining equations 7-5 and 7-6, the stiffness and limitation of the elongation of each 
spring can be expressed by: 
2
c
sy
l
S

=  
(7-7) 
2
2
syS A
k


=

 
(7-8) 
The material of the sphere is gold [76], properties of which are listed in Table 1. The pull-
off force, F=-Fc, is the external force needed to part the adhesive contact (i.e., in the 
negative y-direction), and is given by [71]: 
3
2
cF R=   
(7-9) 
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The value of Fc is also provided in Table 7-1. A small strain hardening of 1% of the elastic 
modulus is used in the finite element simulation to expedite convergence, which is 
discussed in the following.  
Table 7-1. The model geometry, pull off force, and material properties of gold for 
the model [76]. 
Parameter R [mm] E[GPa] γ [J/m2] Sy [MPa] ν Z0 [nm] Ssy 
[MPa] 
Fc [mN] 
Au 1 80 0.5 670 0.42 0.184 335 0.471 
 
7.2 Mesh Convergence for the JKR Model 
Figure 7-4 shows the model built using the commercial software ANSYS 17.1. A quadratic 
3D solid mesh element is used. The model consists of 125,608 mesh elements. The “no 
separation/penetration” condition is applied to the interface between the deformable 
hemisphere and the frictionless rigid top plate. That condition means the two contacting 
surfaces can freely move relative to each other along their interface, but they cannot 
penetrate each other or be parted. Likewise, frictionless contact conditions are applied to 
the interface between the deformable hemisphere and the rigid bottom plate. There, 
however, adhesion takes effect. A Xeon computer with 32 GB of memory using four 
threads of parallel computing is used to simulate the fretting cases with a maximum 
duration case of 97 hours. 
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Figure 7-4.  The mesh model and its refinement in ANSYS 17. 
Convergence of the model is mostly influenced by the number of contact elements at the 
interface between the deformable hemisphere and the rigid bottom plate. The mesh at the 
interface had been increased successively until the difference between the contact areas at 
two mesh refinements is smaller than 2%. As shown in Fig.7-5, the evolution of the contact 
area increases with the number of contact elements, subject to an external force that equals 
to the magnitude of pull-off force. Beyond 100 contact elements the changes in the contact 
area are slight, so it is determined that 400 contact elements (which is used throughout) are 
adequate.  
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Figure 7-5.  The evolution of contact area with different number of contact 
elements. 
By applying the strategy of 400 contact elements, Figure 7-6 shows the theoretical contact 
radius from Eq.7-3 and the numerical contact radius from FEA as a function of external 
forces ranging from –Fc to Fc. The difference between the contact radii from the two 
different methods is less than 3%. The good agreement further indicates that the results at 
the current meshing level have converged and are satisfactorily accurate. 
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Figure 7-6.  The contact radii, a, from Eq.7-3 theoretically and FEA at different 
normalized external forces, F/Fc 
7.3 Results with Only Normal Adhesion 
The model is first applied with only normal adhesion, using the classic JKR model and F=0 
(i.e., only adhesion is in effect at the contact). The FEA-based JKR model is applied as 
shown in Fig.7-3a, as described above. Henceforth, if not mentioned specifically otherwise, 
the additional external normal force is implied to be zero. As given by Equation 7-4, the 
pressure is positive when the point is close to the center (the local radius, r, is close to zero). 
The pressure is negative when the point is close to the edge (the local radius, r, is close to 
the contact radius, a). At the contact edge, the local radius, r, equals to the contact radius, 
a, which leads to the theoretical pressure to approach a value of negative infinity (as implied 
by Eq. 7-4). Figure 7-7 shows the pressure distributions at the centerline of the contact 
(x=0) for both the theoretical JKR model, Eq.7-7, and the finite element model built herein. 
The results are in very good agreement, except at the center point (z=0) and the edge (z=a). 
When the point is close to the center, there is an ANSYS programming modeling issue 
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where a nodal force cannot be assigned to a point at the symmetric front plane. This issue 
leads to the slight difference at or near z=0. When the point is close to the edge, the 
theoretical pressure tends to negative infinity. Since the model is discretized by finite mesh 
elements, the actual value input to the model is also finite, which leads to the difference at 
or near z=a. In general, however, the pressure distribution shows very good agreement 
between the theoretical and numerical model, which further verifies the said FEA model. 
 
Figure 7-7.  The pressure distributions at the centerline (x=0) vs. z for the 
theoretical JKR and the FEA models for F=0. 
The von-Mises stress distribution at the interface is shown in Figure 7-8. Since the 
magnitude of the negative pressure at the edge is relatively large (theoretically it tends to 
infinity, see Eq.7-4b), the von-Mises stress is also relatively large at the contacting edges. 
The regions in red represent points whose stresses are at or slightly larger than the yield 
stress (because of the small strain hardening), which means that plasticity takes place there. 
However, for the most part of the interface, the deformation is elastic. This concludes the 
verification of the model. 
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Figure 7-8.  Von-Mises distribution for normal direction model. 
 
7.4 Results with Normal Adhesion and Tangential Resistance 
First, the hemisphere is subjected to normal adhesion (as is the case in the JKR model). 
Then tugging in the tangential direction is imposed (the classical JKR model is not 
applicable when that happens). Tangential resistance is established by the said interfacial 
bilinear springs as discussed previously in Section 7.2. In this section, the external force is 
either F=0 or F=Fc. The detachment of the contact element is achieved by the “breakage” 
of the spring, i.e., its elongation surpassed lc (see Eq. 7-7). When that happens, the work 
that is done upon the spring (i.e. strain energy stored) equals to the surface free energy 
multiplied by the area of the mesh element. The force that the spring exerts equals to the 
shear strength multiplied by the area of the mesh element. Due to the oscillatory behavior 
of the fretting motion, the elongation of spring will start to decrease after the hemisphere 
reaches the rightmost or leftmost position (position B and D in Fig.7-2). After breakage, 
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when the spring elongation returns to the range (-lc,lc) (Fig. 7-3b), reattachment of the 
spring takes place.  
The nominal tangential displacement, δ, is defined as the transverse displacement applied 
to the top surface of the hemisphere in the X-direction. Figure 7-9 shows a typical trend of 
the evolution of the tangential force with the increase of the nominal tangential 
displacement, δ. For the pure elastic case, with the increase of δ, the spring forces at the 
interface increase linearly without breakage. Once one of the springs’ length reaches the 
breakage limitation, the spring breaks, which represents the detachment of the local 
contacting elements. That reduces the number of springs that support the tangential force, 
causing the force that each spring needs to hold to increase. That generates an avalanche 
of springs breakage.  
However, when plasticity is introduced into the model, as the von-Mises stress reaches the 
yield strength of the material, the model structure-wise becomes more flexible. The relative 
displacement at the interface is larger, which allows the springs not to reach the breakage 
limitation all at the same time. In this situation, some springs break first, while others break 
later, which makes the springs breakage more gradual. Since the springs do not break 
simultaneously, the largest tangential traction that the model generates is somewhat smaller 
than that of the purely elastic case. As shown in Fig.7-9, although the breakage is gradual, 
the breakage in the elasto-plastic case is still avalanching only when it passes the largest 
tangential force the springs can support, as determined by the following concept. Assume 
that all springs break at the same instant at the interface. According to Equations 7-7 and 
7-8, the force that each spring generates at breakage limitation, fc, is: 
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c c syf kl S A= =   
(7-10) 
The total number of springs at the interface is: 
2a
N
A

=

 
(7-11) 
Then, the total maximum tangential traction that the springs can generate is: 
2
,maxx c syF Nf S a= =  
(7-12) 
The maximum tangential force, Fx,max, at zero normal external force based on Eq.7-12 is 
also shown in Figure 7-9. It is close to the Fx,max in the elastic and elasto-plastic case, which 
further corroborates the model. Additionally, the theoretical Fc should be a physical value 
for a certain external normal force. In other words, Fx,max should not be influenced by the 
mesh size, the stiffness, or the breakage limitation of the springs. As implied by Eq.7-12, 
this is indeed true for the current model, as it is apparent from Fig. 7-9.  
 
Figure 7-9.  The evolution of the tangential force with respect to the nominal 
tangential displacement during unidirectional sliding. 
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The tangential resistant traction also affects the distribution of the von-Mises stress. Figure 
7-10 shows the distribution of von-Mises stress at the interface just before the breakage of 
the springs at the interface. The regions in red represent elements where the von-Mises 
stress is larger than the yield strength of gold (670 MPa). As seen, the von-Mises stress is 
large over a significant interfacial area indicating plasticity. That is now examined via the 
equivalent plastic strain, shown in Fig. 7-11.  
 
Figure 7-10. The distribution of the von-Mises stress of the hemisphere at the 
interface (y=0) at the breakage of the springs for the normal and tangential 
directions adhesion after one cycle of fretting motion. Motion is in the positive X 
direction, while Z is the transverse direction, F=0, delta=20 nm 
Since the tangential resistant traction increases the von-Mises stress at and near the 
contacting edges, larger equivalent plastic strains are present there, too.  Figure 7-11 shows 
the distribution of the equivalent plastic strains at the interface after one cycle of fretting 
motion. The magnitude of the tangential displacement is 20nm that guarantees to be large 
enough so that the hemisphere passes the position where all the springs break. While the 
classical normal direction JKR model only generates plasticity within a tiny part at the 
contacting edges, the combination of the normal and tangential direction adhesion model 
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generates plastic strains that nearly encompass the entire interface. This behavior occurs 
also when the external normal load takes any value in the range between -Fc and Fc. Thus, 
normal adhesion and tangential resistance produce an interface that is predominantly in the 
elasto-plastic state.  
 
Figure 7-11. The distribution of the equivalent plastic strain after one cycle of 
fretting motion including normal and tangential directions adhesion effects 
When the fretting cyclic tangential displacement is applied to the top surface of the sphere, 
there are two types of fretting loops. On the one hand, when the maximum nominal 
displacement is small (less than 15 nm as shown in Fig. 7-9), the springs do not break, and 
the evolution of the tangential force does not produce a large energy loss. On the other 
hand, when the maximum nominal displacement is large (larger than 20 nm, also see Fig. 
7-9) the springs break, and the evolution of the tangential force does produce a large energy 
loss. This is discussed next. 
Figure 7-12 shows the evolution of the tangential force at an external normal force F=Fc 
for two cycles of fretting motion with a relatively small fretting displacement magnitude 
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of 15 nm. Since the no spring ever breaks, the shape of the fretting loop is similar to that 
in full stick conditions, as described in [98]. The small energy loss is due to the dissipation 
of plastic strain energy. An effective COF based on the definition from Green [99] is 
introduced here: 
𝜇𝑒𝑓𝑓 =
𝑈𝑛𝑒𝑡
∫ 𝐹𝑦𝑑𝑥
=
∫ 𝐹𝑥𝑑𝑥
∫ 𝐹𝑦𝑑𝑥
 
(7-13) 
where Unet represents the net energy loss during the fretting cycles, and Fy represents the 
normal external force. Unet is calculated by numerical quadrature. The calculated COF is 
μeff=0.23 for the case of 15nm oscillation amplitude. 
At a relatively larger fretting oscillation amplitude, say of 20 nm, the springs do break, and 
the evolution of the tangential force generates large energy losses. Figure 7-13 shows the 
evolution of the tangential force also at an external normal force of F=Fc for two cycle of 
fretting motions with the said larger fretting oscillation amplitude of 20 nm. At the very 
beginning, the hemisphere moves in the positive X direction. The tangential force increases 
with the nominal displacement applied to the top surface of the hemisphere. After the 
springs break at the interface, the tangential force decreases sharply to a very small value 
but not to zero due to the elastic resistance caused by the indentation, which is restored. As 
the hemisphere turns back in the negative X direction, the lengths of the springs drop and 
tangential adhesion is reinstated, causing the reattachment of the two surfaces. Thus, the 
tangential forces increase somewhat with the retracted motion. As the hemisphere 
approaches the original center point, some of the springs change status from stretched to 
compressed, and thus the tangential forces decrease again. For the hysteretic loop shown 
in Fig. 7-12, the calculated COF is μeff=0.70 for the case of 20nm oscillation amplitude.  
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Note that the fretting loop in Fig. 7-13 is not similar to that in gross slip conditions for 
models without adhesion [84]. The variation is caused by the spring’s detachment and 
reattachment mechanism used in the current model. Herein, there is no application of a 
“coefficient of friction;” adhesive detachment or reattachment happens only when the 
elongation is out of or returns to the range (-lc,lc), respectively. In other models that apply 
some arbitrary “constant” COF, the friction force that is generated [84], along with the 
fretting loops, correspond only to those arbitrarily postulated COFs.  
 
Figure 7-12. The evolution of the tangential force at 1Fc external normal force for 
two cycle of fretting motion with a smaller fretting displacement magnitude of 15 
nm (1st cycle=orange, 2nd cycle=blue). 
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Figure 7-13. The evolution of the tangential force at 1Fc external normal force for 
two cycles of fretting motion with a larger fretting displacement magnitude of 20 nm 
(1st cycle=orange, 2nd cycle=blue). 
7.5 Comparisons between Adhesion and Non-Adhesion Models 
To understand further the mechanism of the adhesion model used in this work, the 
distribution of the von-Mises stresses, the equivalent plastic strains, and the evolution of 
the tangential resistant forces are compared now using three different models for an 
oscillation amplitude of 15 nm (no spring breakage, i.e., adhesion is steadfastly in effect):   
Modal A. This is precisely the model described throughout this work: The model includes 
JKR adhesion in the normal direction, but with tangential resistance by means of bilinear 
springs.  
Modal B. The model is with JKR adhesion in the normal direction and frictional contact in 
the tangential direction. The coefficient of friction (COF), however, is always set 
sufficiently large (COF=10) to cause and maintain full stick conditions. 
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Modal C. The model is a pure Hertizan contact model in the normal direction and a 
frictional contact in the tangential direction. Again, the COF is always set sufficiently large 
to cause and maintain full stick condition. While no adhesion is applied here, the normal 
external force is increased to maintain the same contact area as those in models A and B. 
As indicated the COF in frictional contact is set to be large enough to maintain full stick in 
model B and C, but in model A, no COF is applied at all. In model A adhesion resistance 
to sliding is done by the tangential bilinear springs until their avalanching break. The results 
just right before that breakage (i.e., contact condition change from full stick to gross slip) 
are compared herein. The input of the nominal tangential displacement on the top surface 
of the hemisphere are maintained the same for all three models. Model C with the same 
external normal load is not considered, because its contact area is tiny, and the results are 
trivial. 
Figure 7-14 shows the distribution of the von-Mises stress at the bottom interface of the 
hemisphere for the three models. For Model A, the largest von-Mises stress is located at 
the edges due to the infinite normal pressure as implied by the JKR model. For Model B, 
the largest von-Mises is also located at the edges. The stresses in Model B are larger at the 
center compared to A, because of the full stick condition, as effectively model B possesses 
structurally a higher stiffness than the bilinear springs (in Model A). It is thus capable of 
transmitting an increased tangential load under the same tangential displacement input. For 
Model C, the stress distribution is typical of a full stick Hertzian contact. The region in red 
is where the von-Mises stress reaches the yield strength to indicate plasticity. The area of 
plasticity in Model C is considerably larger than those in models A and B.  
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   (A)                                                        (B)                                                (C) 
Figure 7-14. Bottom view. The distribution of the von-Mises stress at the bottom 
interface of the hemisphere (y=0) having the same tangential displacement to the 
right (but just before the breakage of springs in model (A) for all three models. 
Although the distributions of the von-Mises stress at the bottom surface of the hemisphere 
are different in the three models, the distributions are somewhat similar for the front 
surface, i.e., the XY plane where at z=0 (see definitions in Fig. 7-1). Figure 7-15 shows the 
distributions of the von-Mises stress under the same condition for the front view for the 
three models. The large von-Mises stresses are located at the region near the interface, and 
the von-Mises stresses spread to a larger area to the “left) side than that on the “right,” 
because the direction of the (reactive) tangential force is in the negative x direction (i.e., to 
the “left”) when the hemisphere is forced in the positive x direction (or, to the “right”).  
 
(A)                                      (B)                                          (C) 
Figure 7-15. Front view. The distribution of the von-Mises stress at the front surface 
(XY plane and z=0) of the hemisphere having the same tangential displacement to 
the right (but just before the breakage of springs in model A) for all three models. 
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Figure 7-16 shows the distribution of the equivalent plastic strains at the bottom of the 
sphere for three models. For Model A, the plastic deformation is mainly due to the JKR 
model producing infinite pressure at the contact edges. For Model B, since the tangential 
load is larger (as seen in Fig. 7-15), the plastic strain is therefore larger than model A. For 
Model C, plasticity (i.e., the von-Mises stress reaching the yield strength) does not show 
up after normal contact, since there is no JKR pressure. During the fretting motion, plastic 
strain appears at the very beginning, at point A1 (see Fig.7-2) for Models A and B, while 
the plastic strain appears later between points A1 and B1 for Model C. The later appearance 
of plastic strain in Model C causes a smaller spread region than the other two.  
 
(A)                                            (B)                                                (C) 
Figure 7-16. The distribution of the equivalent plastic strains at the bottom of the 
hemisphere at the same tangential displacement to the right (before the breakage of 
springs in model (A) for three models. 
Figure 7-17 shows the tangential force evolutions during one cycle of fretting loading for 
the three models (recall that all models have a smaller oscillation amplitude of 15 nm). All 
three tangential force evolutions are typical for fretting loop of full stick conditions. 
However, the slopes of the fretting loop are different. For model A, the elastic bilinear 
springs at the interface have the least effective stiffness. The large plastic deformation at 
the contact edges of JKR model also decreases the tangential resistance. Thus, it has the 
smallest slope or inclination. For model C, it is in a full stick condition with no JKR 
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pressure, which produces the largest effective structural stiffness. Thus, it has the largest 
slope. Model B is a transition model between models A and C, where the structural stiffness 
of model B is in between. 
 
Figure 7-17. The evolution of the tangential force during one cycle of fretting load 
for three models. 
In conclusion, up to the point where the bilinear spring in the adhesion model A do not 
break, that model exhibits von-Mises stresses distribution, plastic strain distributions (see 
Fig.7-16), and fretting loops (see Fig. 7-17) similar to the full stick contact model C. The 
plastic damage is more concentrated in this model A due to the infinite JKR pressure. The 
contact system is less stiff in this model A due to the smaller tangential resistance of the 
interfacial bilinear springs.  
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7.6 Conclusion 
The work in this chapter builds a comprehensive adhesion model that incorporates adhesive 
tangential resisting traction between a deformable hemisphere and a rigid plate. The normal 
direction load is based on the classical JKR model. However, the tangential adhesive 
resistance is based on the definition of shear strength and surface free energy. The model 
is built using the FEA commercial code ANSYS, with bilinear elastic springs and nodal 
forces applied at the interface. The material for the deformable hemisphere is gold. Several 
conclusions are drawn: 
1.The robust adhesion model in the tangential direction is not influenced by the mesh and 
the spring settings. 
2.The detachment of the adhesive bond of the two contacting surfaces is achieved by the 
breakage of the bilinear springs at the interface. The breakage of the springs is avalanching 
in both elastic and plastic conditions but is somewhat more gradual with the latter. When 
the two surfaces are about to detach, the vast part of the contact region deforms plastically. 
3.There are two types of fretting loop depending on the magnitude of the oscillatory 
tangential displacement. At small fretting amplitudes, the fretting loop is similar to that of 
full stick conditions (as if the contacting model has an interfacial friction force that is 
exceedingly large). At large fretting amplitudes, the fretting loop generates large energy 
losses, while the fretting loop is dissimilar than those created by gross slip conditions.  
4.The adhesion model in this work exhibits similar patterns in von-Mises stress 
distribution, plastic strains distribution, and fretting loops as the full stick contact models 
      
 181 
up to the point of breakage. The plastic strain is larger in JKR pressure than that in pure 
Hertzian model. The contact system is less stiff in this model due to the tangential resisting 
springs added at the interface.  
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CHAPTER 8. CLOSURE 
8.1 Conclusions 
This work uses the FEA to study fretting in tribological contacts. A numerical model 
enables the investigation of fretting between identical and dissimilar materials with and 
without wear. Many of the results are confirmed theoretically whenever possible. Based on 
the FEA and analytical results, two mitigation methods to reduce fretting damage are 
proposed. In addition, a novel fretting adhesion model is built, where a constant artificial 
COF is replaced with the effects of adhesion. 
Firstly, this work provides systematic results for the stress-strain analysis, junction growth, 
fretting loop, and depression marks on the bottom body for different material pairs. The 
results are normalized, which are verified to be effective to be applied to different 
dimensions (microscopically and macroscopically). It helps understand the mechanisms of 
fretting wear and fretting fatigue. 
For 2D plane strain cylindrical contact between identical material pairs, the following 
results are found. With small COFs, the largest von-Mises stress is confined under the 
contacting surface. With large COFs, the largest von-Mises stress is located at the edge of 
the contact. Likewise, the largest plastic strain shows up at the edges, too. It is, therefore, 
postulated that cracks and fatigue are most likely to initiate and propagate at the contact 
edges with large COFs, at bulk material under contacting surface with small COFs. Due to 
the plastic deformation of the surfaces, junction growth is found. The magnitude of the 
junction growth increases with the COFs, while the rate of the convergence of the growth 
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decreases with the COFs. The fretting loop (i.e., the development of the tangential force 
versus fretting motion) for the initial few cycles of loading is likewise found, where the 
enclosed area indicates the energy loss. Pileup appears with large COFs, which intensify 
the plastic strain at the contact edges. 
For 3D spherical contact between identical material pairs, the following results are found. 
With small COFs, the largest von-Mises stress is confined under the contacting surface. 
With large COFs, the largest von-Mises stress is located at the edge of the contact. The 
large plastic strains form multiple “rings” on the contacting surfaces after the oscillatory 
fretting motion. It is, therefore, postulated that cracks and fatigue are most likely to initiate 
and propagate at the contact edges with large COFs, at bulk material under contacting 
surface with small COFs. Depression marks and pileups on the surface of the block are 
found. The fretting loop of the initial cycles is found. The evolution of the tangential force 
stabilizes fast with small COFs. The maximum effective COF during the cyclic loading 
equals to the COF applied to the model after the stabilization. The tangential force is always 
zero at frictionless contact without the plowing effect, which is due to the sphere being 
structurally weaker than the block. The work done to the system equals to the enclosed area 
of the hysteresis curve, which is the evolution of the tangential loading. It corresponds to 
three kinds of energy: elastic strain energy, plastic strain energy, and frictional energy 
dissipation. The fluctuating nature of the evolution of the work is caused by the reservation 
of the elastic strain energy, while the cumulative increase of the effect is caused by the 
dissipation of the frictional and plastic dissipation. At certain interference, there exists a 
certain COF, which will yield the largest work done to the system. 
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The unique findings for dissimilar material pairs are later found. For results in 2D 
cylindrical contact, between Inconel 617 and Incoloy 800H, the former is “harder” or 
“stronger,” and in the current investigation it never yielded. Due to the plastic deformation 
of the surfaces, junction growth is found. The more pronounced growth on the two edges 
is in the same direction of the tangential force experienced by the surface of the deformed 
body. The temperature elevation causes the increase of the plastic strain and the decrease 
of the tangential force, normal force, and the maximum von-Mises in Inconel 617. For 
results in 3D spherical contact, the largest plastic strain appears at the leading and trailing 
edges. The pattern of the plastic strain distribution is not “ring-like” in identical material 
pair cases because plowing takes place between dissimilar material pairs. 
Secondly, a notable contribution of this work is building the fretting wear model and its 
corresponding analytical solutions. In 2D fretting model under elastic condition, the initial 
gross slip distance, wear volume at the initiation of the gross slip, and wear volume for the 
one cycle of the fretting motion are derived. The results are in very good agreement 
between the theoretical predictions and the FEA. The effect of plasticity is double edged. 
On one hand, under small normal load, plasticity introduces small deflections and junction 
growth when COFs are large. These two effects decrease the wear volume. On the other 
hand, under larger normal loads plasticity introduces larger cross sections, which makes 
the two bodies stiffer to the tangential load. As a result, the deflection decreases, and the 
wear volume increases. 
In 3D fretting wear model under elastic conditions, the initial gross slip distance, wear 
volume at the initiation of the gross slip, and wear volume for the one cycle of the fretting 
motion are derived. The results are in very good agreement between the theoretical 
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predictions and the FEA. The effect of the plasticity is analyzed. The plasticity introduces 
junction growth, which increases the wear volume. However, the wear volume between 
elastic prediction and plastic FEA results are still close. 
Thirdly, two mitigation schemes are proposed, prestress scheme and wear volume 
mitigation scheme. In the prestress scheme, the plastic strain in the bulk material in reduced 
at appropriate prestress input, and the prestress in both x and z directions can further reduce 
the plastic strain in 3D case. There are two reasons for that behavior. Firstly, there is σz, 
which elevates the hydrostatic situation, thus reducing the von-Mises stress. Secondly, the 
negative σx opposes the natural tendency of creating a positive σx in the fretting sliding 
motion, which also reduces the von-Mises stress during sliding. With smaller von-Mises 
stresses, the corresponding plastic strain is smaller. The compressive pre-stress is 
envisioned to also suppress any crack initiation and/or growth at the two edges of the 
fretting contact. However, the prestress condition aggravates the plastic strain at the 
interface both in 2D and 3D cases. In the wear volume mitigation scheme, the worst normal 
load can be solved numerically based on Eq. 6-1, Eq. 6-2, or Eq.6-3. From a designer’s 
point of view, the normal load should be either much less or much larger than the Pw. 
Lastly, a tentative fretting adhesion model is built, where the COF is replaced with effect 
of adhesion. For the first time, it builds a comprehensive adhesion model for frictional 
contact considering both the normal and tangential direction adhesion effects. The normal 
direction adhesion contact is based on the classic JKR model. The tangential resistance is 
based on the definition of the shear strength and the surface free energy. It helps to replace 
the artificial COF with the effect of adhesion, which is a giant leap in the FEA frictional 
contact modelling. The model is built using the FEA commercial code ANSYS, with 
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bilinear elastic springs and nodal forces applied at the interface. The material for the 
deformable hemisphere is gold. The robust adhesion model in the tangential direction is 
not influenced by the mesh and the spring settings. The detachment of the adhesive bond 
of the two contacting surfaces is achieved by the breakage of the bilinear springs at the 
interface. The breakage of the springs is avalanching in both elastic and plastic conditions 
but is somewhat more gradual with the latter. When the two surfaces are about to detach, 
the vast part of the contact region deforms plastically. 
There are two types of fretting loop depending on the magnitude of the oscillatory 
tangential displacement. At small fretting amplitudes, the fretting loop is similar to that of 
full stick conditions (as if the contacting model has an interfacial friction force that is 
exceedingly large). At large fretting amplitudes, the fretting loop generates large energy 
losses, while the fretting loop is dissimilar than those created by gross slip conditions.  
The adhesion model in this work exhibits similar patterns in von-Mises stress distribution, 
plastic strains distribution, and fretting loops as the full stick contact models up to the point 
of breakage. The plastic strain is larger in JKR pressure than that in pure Hertzian model. 
The contact system is less stiff in this model due to the tangential resisting springs added 
at the interface.  
8.2 Future Work 
The novel adhesion model that is built in the current work can be expanded to include wear. 
In the novel adhesion model, the frictional resistance is determined by material properties, 
surface free energy and shear strength without the need to guess a synthetic COF. That 
would advance the state of the art because all previous FEA models are based on such an 
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artificial COF that produces translational resistance to motion. An effective COF can, of 
course, be calculated posthumously to match experimental results. An adhesion-based wear 
model, as built in chapter 5, would produce untainted results for the wear process.  
In this current work, the model is built between smooth surfaces with non-adaptive wear. 
The non-adaptive wear model does not consider the changes of the surface profile during 
the fretting process. In the future, it would be worthy to investigate the fretting between 
rough surface with an adaptive wear model. The FEA method is capable to model the 
irregular surface profile, which would be very difficult or even unachievable analytically. 
An additional difficulty that will have to be overcome is that typical fretting cycles tend to 
be in the thousands along with a surface profile that constantly changes. A corresponding 
adaptive FEA will have to be implemented. In other words, the adaptive fretting wear 
model will need to accommodate thousands or more cycles. Mixed regime will have to be 
investigated, where the contact status during fretting would change from partial slip at the 
beginning of fretting to gross slip at the end of fretting. As indicated by the work of Zhou 
et al. [29], this regime is the most dangerous in fretting. Therefore, it is meaningful to 
investigate this phenomenon based on the proposed FEA model.   
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APPEDICES 
A. Derivation of Equations in Plane Strain Contact 
This appendix can be found in Ref. [83]. The interference of a half cylinder in contact with 
a block is derived below where the dependence of the results on the size of the block is 
investigated. According to Johnson [11] (taken from p. 130, and shown in Fig.A-1a), the 
elastic compression of a cylinder in contact with two elastic bodies is obtained. The 
compression of the upper part of the cylinder O1C is: 
 
2
1 1
(1 )
2ln(4 / ) 1
P
R b
L E



−
= −  (A-1) 
Where, the half contact width b1 is calculated according to the Hertzian theory: 
2 *
1 14 / ( )b PR LE=  (A-2) 
Here, 𝐸1
∗ is the composite modulus of the upper body and the cylinder: 
2 2
1
*
1 1
11 1
E E E
 − −
= +
 
(A-3) 
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(a) The model in Contact Mechanics by Johnson (p. 130)             (b) The equivalent model of the compression of the half cylinder 
herein  
Figure A-1. The contact model to derive the compression of the elastic cylinder in 
contact with an elastic block 
The model of interest in this work is that of a half cylinder in contact with a block. For that 
we use the equivalent model shown in Fig.A-1b.  The horizontal axis of the half cylinder 
(passing through point C) is prescribed to have a vertical displacement, ω, which is defined 
as the interference. That interference consists of two parts, the compression of the half 
cylinder, ω1, and the compression under the centerline of the block, ω2. For ω1, Eq. A-1 
yields the compression of the lower half cylinder: 
 
2
1
1
1
(1 )
2ln(4 / ) 1
P
R b
L E



−
= −  (A-4) 
Where, b is the half contact width between the cylinder and the block. The parameters E1, 
ν1, and R belong to the half cylinder. For ω2, according to Johnson [11], the compression 
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under the centerline of the block is equal to the compression of a half-space under the load 
of the Hertzian pressure relative to a point at a depth, d. Hence,  
 
2
2
2 2 2
2
(1 )
2ln(2 / ) / (1 )
P
d b
L E

  

−
= − −  (A-5) 
The interference is then the addition of Eqs. A-5 and A-6: 
   
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1 2
2 2
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2ln(4 / ) 1 2ln(2 / ) / (1 )
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 
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= − + − −  (A-6) 
For contact case between dissimilar materials, by substituting Eqs. A-2 and A-3 into Eq. 
A-6, the interference simplifies to: 
2 2' 2 '
1 2 2
1 2 2
(1 ) (1 )4
ln( ) 1 ln( )
/ / (1 )
P E R P d E
L E P L L E RP L
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  − −
= − + −   
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 (A-7) 
For contact case between identical materials, ν1= ν2= ν, E1= E2= E, and d=R. Eq. A-7 
simplifies to:  
'
'
/ 2 1
2ln( )
2 / 1
P L RE
E P L


 
 
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− 
 (A-8) 
To verify the assumption of viewing the block as a half-elastic space, different dimensions 
of the block have been used to compare FEA results with theoretical predictions,  where 
%dif, as given in Table A-1, indicates the relative percentage difference between them. 
According to the table, the FEA results agree very well with the results calculated 
according to Eqs. A-5 to A-8, when the depth varies from 0.5R to 4R. When the depth is 
0.25R, however, the maximum von-Mises stress predicted by the FEA has a somewhat 
larger deviation from the theoretical value (7.99%). While that indicates that the boundary 
conditions applied on the block start to affect the stress distribution in the area of the 
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contact, the other differences are still quite low. So, a block of depth, d, that equals to R 
can clearly be regarded as a half-elastic space. Indeed, in this work, all reported results are 
specifically given for that case of d=R. Moreover, the nondimensionalized results in this 
work, can safely be applied to blocks with depths that are about 0.5R or larger. That 
proposition conforms to the classical Saint-Venant's Principle, which reassures that the 
critical interferences between two cylinders, as derived by Eq. A-1 in the reference by 
Green [32], and the one derived herein for the contact of a half-cylinder against a block in 
Eq. A-8, match closely with a mere 5% difference.  
Table A-1. Comparison of the critical values between theoretical predictions and 
FEA results for a half-cylinder of radius is R, in contact with a 4dxd block, of depth, 
d. The ratio d/R is varied from 0.25R to 4R. The equation C*Sy=poc is according to 
Green [61].  Herein, R=0.5m, ν1= ν2=0.32, E1=E2=200GPa, Sy=0.9115GPa. 
  Theoretical Predictions FEA Results 
d/R ωc  [mm] bc  
[mm] 
Pc/L 
[MN/m] 
p0c  
[GPa] σemax[GPa] 
bc  
[mm] % dif 
Pc/L 
[MN/m] %dif 
p0c  
[GPa] %dif σemax[GPa] %dif 
0.25 0.7732 14.88 38.73 1.657 0.9115 14.60 -1.86 37.14 -4.11 1.625 -1.94 0.9842 7.99 
0.5 0.8499 14.88 38.73 1.657 0.9115 14.84 -0.28 37.80 -2.41 1.636 -1.28 0.9361 2.71 
1 0.9266 14.88 38.73 1.657 0.9115 15.20 2.17 38.56 -0.43 1.645 -0.75 0.9122 0.08 
2 1.0033 14.88 38.73 1.657 0.9115 14.80 -0.52 37.52 -3.12 1.625 -1.94 0.9108 -0.07 
4 1.0800 14.88 38.73 1.657 0.9115 15.20 2.17 37.88 -2.20 1.623 -2.08 0.9089 -0.28 
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B. Boundary Condition Influence 
The results herein are taken from Ref. [83]. In the plane strain line contact case, the 
boundary condition on the four sides of the block are shown to influence the results. 
Different boundary conditions are tested for the displacement-controlled model. The same 
effect is also found in the force-controlled results. However, in spherical point contact, the 
boundary condition effects are found negligible, and therefore are not introduced here.  
As shown in Table B-1, several different types of boundary conditions applied on the four 
sides of the block are now investigated. The four sides of the block, a1, a2, s1, and s2, are 
consistent with Fig. 3-1.  In all six types, the midpoint M on the bottom side a1 is fixed in 
the X and the Y direction to ensure the relative motion between the half cylinder and the 
block. The top of the block is always free. The Symbol “+” means the side is fixed in the 
corresponding direction. Type0 represents the boundary condition where all the results in 
chapter 3 and 4 are generated, where the bottom side a1 is fixed in the X and the Y direction. 
In Type1, the boundary condition of the bottom side a1 is changed relative to Type0 to be 
free in the X direction.  In Type2, the boundary conditions of the two sides s1 and s2 are 
changed to be fixed in the X direction relative to Type1. In Type3, the boundary conditions 
of the two sides s1 and s2 are changed to displace 1 ∗ ω𝑐 to the right and left, respectively, 
again relative to Type1. The magnitude of that displacement is changed to be 2 ∗ ω𝑐 and 
3 ∗ ω𝑐 in Type4 and Tpye5, respectively. 
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 Table B-2. Different types of boundary conditions on the four edges of the block 
(shown in Fig.1a). “+” represents the edge is fixed in the corresponding direction. 
Blank represents the edge is free in the corresponding direction. Edge a2 is always 
free while the midpoint M on the edge a1 is always fixed in both the X and the Y 
direction. 
Type 
a1 s1 s2 
X Y X Y X Y 
0 + +     
1  +     
2  + +  +  
3  + +1ωc  -1ωc  
4  + +2ωc  -2ωc  
5  + +3ωc  -3ωc  
 
The displacements on the two sides, s1 and s2, generate pre-stresses in the compressed 
block. Considering the effect of Poisson ratio, the top side of the block a2 will displace Δy 
upwards according to the following. In plane strain, the constitutive equation is: 
1 0
1 0
0
(1 )(1 2 )
1 2
0 0
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y
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 
 
 
  
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−  
     −
    
=     
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−    
    
 
 
 
(B-1) 
  
      
 194 
According to Eq. B-1, the normal stress in the Y direction can be expressed as: 
[ (1 ) ]
(1 )(1 2 )
y x y
E
   
 
= + −
+ −
 
 
(B-2) 
However,  σy = 0, before the cylinder is compressed downwards, since the top side is set 
free. Using the condition that the compressive displacement, Δx, is applied on both sides 
of the block, s1 and s2, but in opposite directions, the normal strain in the X direction is 
compressive: 
2
x
x
R


= −  
 
(B-3) 
According to Eq. B-2 and B-3, the normal strain in the Y direction is: 
1 2
y
x
R




=
−
 
 
(B-4) 
Using the definition of the normal strain in the Y direction: 
y
y
R


=  
 
(B-5) 
The displacement of the top side, a2, is therefore: 
1 2
x
y



 =
−
 
 
(B-6) 
In order to compare the results of the pre-stressed cases with those of the original cases, 
Δy must be taken into consideration. If ω is always the interference imposed, as it is the 
case with no pre-stress, then the interference in the pre-stressed case is: 
' y = −  (B-7) 
Figure B-1 shows the junction growth results of the first quarter of the loading cycle at 
1*ωc interference with µ=1, for different types of boundary conditions. It is obvious that 
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the boundary conditions vary the development of the junction growth. Notably, in Type1, 
the two sides are free to displace laterally outwards in the X direction. After the interference 
is applied, it is equivalent to stretching the block instead of compressing. Therefore, there 
is a trend of increased junction growth among Typ1, Type2, and Type4. In other words, 
the junction growth increases with the compressive displacement on the two sides (from 
negative to zero to positive). Additionally, Type0 junction growth is similar to Type2, 
because the bottom of the block being fixed in the X direction in Type0 introduces a similar 
effect of the two sides being fixed in the Y direction in Type2. These two conditions 
characterize most closely the block as a half-elastic space. 
Figure B-2 illustrates the equivalent plastic strain on the upper surface of the block after 
one cycle of loading at 1*ωc interference with µ=1 under different types of boundary 
conditions. It is shown that the plastic strain is larger in Type0 than in any type with a pre-
stress, and it is the smallest in Type5 with two sides displacing 3*ωc laterally inwards. 
Therefore, the pre-stress can reduce the plastic strain on the surface, where the plastic strain 
decreases with a larger pre-stress. There are two reasons for that behavior. Firstly, there is 
σz , which elevates the hydrostatic stress (see Eq.B-1), thus reducing the von-Mises stress. 
Secondly, the negative σx opposes the natural tendency of creating a positive σx in the 
fretting sliding motion, which also reduces the von-Mises stress during sliding. With 
smaller von-Mises stresses, the corresponding plastic strain is smaller. The compressive 
pre-stress is envisioned to also suppress any crack initiation and/or growth at the two edges 
of the fretting contact. 
      
 196 
 
Figure B-1. The junction growth results of the first quarter of the loading cycle at 
1*ωc interference with µ=1 in different types of boundary conditions. 
 
Figure B-2. The distribution of equivalent plastic strain on the surface of the block 
after one cycle of loading at 1*ωc interference with µ=1 in different types of 
boundary conditions. 
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In conclusion, the boundary conditions of the block sides do influence the fretting results 
including contact width and equivalent plastic strain. However, the results between 
different boundary condition cases are found within 10% difference, and the trends are 
similar. Thus, only the boundary condition of Type 0 is utilized to perform the simulation, 
which will give behavior tendencies of the fretting damage mechanisms. 
C. Timoshenko Beam Approximation for Plane Strain Contact 
The initial gross sliding distance for elastic contacts can be estimated by regarding the half-
cylinder as a Timoshenko beam4 while assuming the block as a half elastic space. The 
loading condition of the half-cylinder is shown in Fig.C-1, when gross slip initiates, i.e., 
when Q/L=μ(P/L). In addition to Q/L, there is also a moment per unit length, M0/L, acting 
about the tip of the half-cylinder. This moment, M0/L, is caused by the curvature of the 
contacting surface, and the local tangential traction μp(x) (as shown in Fig. C-1b). This 
moment is directly related to μ and P/L. The moment distribution, M(x)/L, the second 
moment of area, I(x)/L, and the cross-section area, A(x)/L, are given, respectively, by: 
0( ) ( )
MM x P
R x
L L L
= − +  (C-1) 
3
2 2 2
( ) 2
( )
3
I x
R x
L
= −  
(C-2) 
1
2 2 2
( )
2( )
A x
R x
L
= −  
(C-3) 
According to the Timoshenko beam theory [100], the angle of rotation of the mid-surface 
is defined as ϕ. The derivative of ϕ is determined by M(x)/L and I(x)/L according to: 
 
4 The Timoshenko beam is appropriate for thick or short beams, since it accounts for shear deformation 
and rotational bending effects. 
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E
L L dx

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(C-4) 
By integrating Eq. C-4 with the boundary condition, ϕ=0 at x=0, the distribution of ϕ is 
expressed as: 
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(C-5) 
According to the Timoshenko beam theory [100], the derivative of the deflection of half-
cylinder, Δ, is related to ϕ by: 
1
( )
d d d
EI
dx kAG dx dx



= −  
(C-6) 
By substituting ϕ(x) from Eq. C-5 into Eq. C-6, the distribution of deflection of the half-
cylinder, Δ, can be solved by integrating Eq. C-6 with the boundary condition, Δ=0 at x=0. 
The expression of Δ(x) is thus: 
2 2
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2
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2
MP x R x R x
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EL R RP R R
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kGL R

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
− −
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(C-7) 
The deflection of the half-cylinder at the initiation of gross slip, δi1, can be estimated by 
taking the deflection of the tip of the beam, δi1= Δ(R). That is given by:  
0
1
33
| ( ) | [ (4 ) ]
4 2 4
i
MP P
R
EL EL kGL
 
 =  = − + +  
(C-8) 
Here, the Timoshenko shear coefficient, k, for rectangular cross section is taken according 
to Cowper [101], as: 
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(C-9) 
and the shear modulus, G, is given by: 
2(1 )
E
G

=
+
 
(C-10) 
 
                                     (a)                                                             (b) 
Figure C-1 (a) The loading condition of the half-cylinder as a Timoshenko beam at 
slip onset (b) Zoomed in contact region 
The influence of the moment, M0/L, on δi1 is analyzed in now the following. The moment 
is maximum when the half-cylinder is undeformed (the curvature of the tip is maximum, 
as if the normal load does not deform the tip of the half-cylinder). Hence, the maximum 
moment, M0/L, can be estimated using Fig. C-2. The contact region, -b<x<b, is confined 
to a corresponding angle range, -θ0< θ<θ0, where θ0 is given by: 
0 arcsin
b
R
 =  
(C-11) 
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The local frictional force in this region is q(x)=µp(x). The arm of the force is represented 
by the length of 𝑂𝐶̅̅ ̅̅  in Fig.C-2, and is given by: 
22 sin
2
OC R

=  
(C-12) 
The moment on the tip of the half-cylinder, M0/L, can be estimated by integrating the 
product of the local friction force and the arm of the force: 
0
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(C-13) 
In the case where θ is small, which agrees with the conditions here (θ~0.01 rad), Eq. C-13 
can be simplified as: 
3
0
0 /
16
p b
M L
R
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=  
(C-14) 
According to the above estimation, the deflection of half-cylinder caused by the M0/L is 
found to be less than 0.1% of the total deflection for different material cases and different 
normal loads with different COFs. Therefore, the moment on the tip of the half-cylinder, 
M0/L, can largely be ignored in the foregoing. 
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Figure C-2 The schematic of the loading condition for estimation of the moment on 
the tip of the half-cylinder, M0/L. 
The tangential displacement of the stick region, δi2, can be estimated by assuming the block 
to be a half elastic space, and applying the Hertzian tangential traction, q(x), to the surface. 
At the initiation of gross slip, the local tangential traction in the contact region approaches 
q(x)=μp(x) within the contact region, [-b, b] (see Fig.5-2), and it is given by 
2
0 2
( ) 1
x
q x p b x b
b
= − −    
(C-15) 
According to Johnson [11], for a half elastic space, the derivative of the displacement on 
the surface of a half elastic space is determined by the distributed tangential traction.  
2 2
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p b s E du
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b x s dx
 

−
−
= −
− −  
(C-16) 
The integrations of left-hand side of Eq. C-16 are distinct for the regions inside and outside 
the contact region, thus 
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(C-17) 
Consequently, the tangential displacement on the surface, u, can be obtained by integrating 
Eq. C-17. Here, we take the initial center of the contact as the datum, i.e., u(0)=0. Then 
u(x) can be derived to give:    
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(C-18) 
Note the similitude of Eq. C-18 for (-b, b) and Eq. C-15. The displacement of the stick 
region, δi2, at initiation of gross slip can be estimated by taking the difference between the 
u(x) at the leftmost position (x=-2R) and the center of the contact (x=0). Thus, the 
estimation of δi2 is, δi2=u (0)-u (-2R), giving: 
2 2 2
2 2 2 20
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p R R b
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(C-19) 
If the contact width is much smaller than the radius, b<<R, Eq. C-19 can be approximated 
while also using Eq. 3-1 for p0 to finally result in: 
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This result shows a linear relation with respect to μ, and nearly linear with respect to P/L 
(the nonlinearity is caused by the term ln (b/4R), where by Eq. 3-2, b is a function of P/L). 
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